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Abstract

We develop a new algorithm for online planning in large scale sequential decision
problems that improves upon the worst case efficiency of UCT. The idea is to
augment Monte-Carlo Tree Search (MCTS) with maximum entropy policy opti-
mization, evaluating each search node by softmax values back-propagated from
simulation. To establish the effectiveness of this approach, we first investigate the
single-step decision problem, stochastic softmax bandits, and show that softmax
values can be estimated at an optimal convergence rate in terms of mean squared
error. We then extend this approach to general sequential decision making by de-
veloping a general MCTS algorithm, Maximum Entropy for Tree Search (MENTS).
We prove that the probability of MENTS failing to identify the best decision at the
root decays exponentially, which fundamentally improves the polynomial conver-
gence rate of UCT. Our experimental results also demonstrate that MENTS is more
sample efficient than UCT in both synthetic problems and Atari 2600 games.

1 Introduction

Monte Carlo planning algorithms have been widely applied in many challenging problems [[13} [14].
One particularly powerful and general algorithm is the Monte Carlo Tree Search (MCTS) [4]. The
key idea of MCTS is to construct a search tree of states that are evaluated by averaging over outcomes
from simulations. MCTS provides several major advantages over traditional online planning methods.
It breaks the curse of dimensionality by simulating state-action trajectories using a domain generative
model, and building a search tree online by collecting information gathered during the simulations in
an incremental manner. It can be combined with domain knowledge such as function approximations
learned either online [20] or offline [[13.[14]]. It is highly selective, where bandit algorithm are applied
to balance between exploring the most uncertain branches and exploiting the most promising ones
[LO]. MCTS has demonstrated outstanding empirical performance in many game playing problems,
but most importantly, it is provable to converge to the optimal policy if the exploitation and exploration
balanced appropriately [10} 8]].

The convergence property of MCTS highly replies on the state value estimations. At each node of the
search tree, the value estimation is also used to calculate the value of the action leading to that node.
Hence, the convergence rate of the state value estimation influences the rate of convergence for states
further up in the tree. However, the Monte Carlo value estimate (average over simulations outcomes)
used in MCTS does not enjoy effective convergence guarantee when this value is back-propagated
in the search tree, since for any given node, the sampling policy in the subtree is changing and the
payoft sequences experienced will drift in time. In summary, the compounding error, caused by the
structure of the search tree as well as the uncertainty of the Monte Carlo estimation, makes that UCT
can only guarantee a polynomial convergence rate of finding the best action at the root.

Ideally, one would like to adopt a state value that can be efficiently estimated and back-propagated in
a search tree. In this paper, we exploit the usage of softmax value estimate in MCTS based on the
maximum entropy policy optimization framework. To establish the effectiveness of this approach,
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we first propose a new stochastic softmax bandit framework for the single-step decision problem,
and show that softmax values can be estimated in a sequential manner at an optimal convergence
rate in terms of mean squared error. Our next contribution is to extend this approach to general
sequential decision making by developing a general MCTS algorithm, Maximum Entropy for Tree
Search (MENTS). We contribute new observations that the softmax state value can be efficiently
back-propagated in the search tree, which enables the search algorithm to achieve faster convergence
rate towards finding the optimal action at the root. Our theoretical analysis shows that MENTS enjoys
an exponential convergence rate to the optimal solution, improving the polynomial convergence
rate of UCT fundamentally. Our experiments also demonstrate that MENTS is much more sample
efficient compared with UCT in practice.

2 Background

2.1 Online Planning in Markov Decision Process

We focus on the episodic Markov decision process (MDP) El, which is formally defined as a 5-tuple
{8, A, P,R,H}. § is the state space, A is the action space. H is the maximum number of steps at
each episode, P and R are the transition and reward functions, such that P(-|s,a) and R(s, a) give
the next state distribution and reward of taking action a at state s. We assume the transition and
reward functions are deterministic for simplicity, while all of our techniques can easily generalize to
the case with stochastic transitions and rewards, with an appropriate dependence on the variances of
the transition and reward distributions. The solution of an MDP is a policy 7 that maps any state s to
a probability distribution over actions. The optimal policy maximizes, on expectation, the cumulative
sum of rewards, defined as,

H+1
R(st,at), t < H
Gy = ’;J Ritk, Ry = {V(3H+1)7 b= H 41

where we assume an oracle function v that assigns stochastic evaluations for states at the end of
episode. We note that this definition can also be used as a general formulation for planning algorithms
in infinite horizon MDP, since H can be considered as the maximum search depth, and a stochastic
evaluation function is applied at the end. We assume v is subgaussian and has variance 2.

For policy 7, the state value function V™ (s), is defined to be the expected sum of rewards from s,
V7(s) = E™ [G¢|s: = s]. The state-action value function, also known as the Q-value, is defined
similarly, Q" (s, a) = E™ [G¢|s; = s, a; = a]. The optimal value functions are the maximum value
achievable by any policy, V*(s) = max, V™ (s), Q*(s,a) = max, Q™ (s, a). The optimal policy is
defined by the greedy policy with respect to Q*, 7*(s) = argmax,Q*(s, a). It is well known that the
optimal values can be recursively defined by the Bellman optimality equation,

Q*(s,a) = R(s,a) + By 50 [V*(5)], V*(s) = max Q*(s,a). (1)

We consider the online planning problem that uses a generative model of the MDP to compute
the optimal policy at any input state, given a fixed sampling budget. The generative model is a
randomized algorithm that can output the reward R(s, ) and sample a next state s’ from P(-|s, a),
given a state-action pair (s, a) as the input. For example, in the game of Go, if the rules of the game
are known, the next board state can be predicted exactly after a move. To solve the online planning
problem, an algorithm uses the generative model to sample an episode at each round, and proposes
an action for the input state after the sampling budget is expended. The performance of an online
planning algorithm can be measured by its probability of proposing the optimal action for the state of
interest.

2.2 Monte Carlo Tree Search and UCT

To solve the online planning task, Monte Carlo Tree Search (MCTS) builds a look-ahead tree T
online in an incremental manner, and evaluates states with Monte Carlo simulations [4]]. Each node in
T is labeled by a state s, and stores a value estimate Q(s, a) and visit count N (s, a) for each action
a. The estimate Q(s, a) is the mean return of all simulations starting from s and a. The root of T is

"All of our approaches can extend to infinite horizon MDP.



labeled by the state of interest. At each iteration of the algorithm, one simulation starts from the root
of the search tree, and proceeds in two stages: a tree policy is used to select actions while within the
tree until a leaf of 7 is reached. An evaluation function is used at the leaf to obtain a simulation return.
Typical choices of the evaluation function include function approximation with a neural network, and
Monte Carlo simulations using a roll-out policy. The return is propagated upwards to all nodes along
the path to the root. T is grown by expanding the leaf reached during the simulation.

Bandit algorithms are used to balance between exploring the most uncertain branches and exploiting
the most promising ones. The UCT algorithm applies UCB1 as its tree policy to balance the growth
of the search tree [10]. At each node of T, its tree policy selects an action with the maximum upper
confidence bound

log N(s)
N(s,a)’
where N(s) = >, N(s,a), and c is a parameter controlling exploration. The UCT algorithm has

proven to be effective in many practical problems. The most famous example is its usage in AlphaGo
[L3L114]. UCT is asymptotically optimal: the value estimated by UCT converges in probability to the

optimal value, Q(s,a) 2 Q*(s,a), Vs € S, Va € A. The probability of finding a suboptimal action
at the root converges to zero at a rate of O(%), where ¢ is the simulation budget [10].

UCB(s,a) = Q(s,a) + ¢

2.3 Maximum Entropy Policy Optimization

The maximum entropy policy optimization problem, which augments the standard expected reward
objective with a entropy regularizer, has recently drawn much attention in the reinforcement learning
community [5}16}[12]. Given K actions and the corresponding K -dimensional reward vector r € RE,
the entropy regularized policy optimization problem finds a policy by solving

max {7r~r+77—[,(7r)}. 2)

where 7 > 0 is a user-specified temperature parameter which controlls the degree of exploration. The
most intriguing fact about this problem is that it has a closed form solution. Define the softmax F;
and the soft indmax £, functions,

£, (r) = exp{(r — F-(r))/7} Fr(r) =71log Za exp(r(a)/T).

Note that the softmax ., outputs a scalar while the soft indmax f; maps any reward vector r to a
Boltzmann policy. F,(r), f£-(r) and (2) are connected by as shown in [5} [12]],

F(r) = max {w-r—i—T’H(ﬂ)} = £, (r) T+ TH(E (). 3)

This relation suggests the softmax value is an upper bound on the maximum value, and the gap can
be upper bounded by the product of 7 and the maximum entropy. Note that as 7 — 0, () approaches
the standard expected reward objective, where the optimal solution is the hard-max policy. Therefore,
it is straightforward to generalize the entropy regularized optimization to define the softmax value
Jfunctions, by replacing the hard-max operator in (I)) with the softmax operators [[5} [12],

Q:ft(sv a) = R(Sa a) + Es’\s,a [‘/;tkt(sl)] ) K?t(s) =T log Za exXp {Q:ft(sv a)/T}' (4)

Finally, according to (3), we can characterize the optimal softmax policy by,
min(als) = exp { (Qin(s, @) = Via(s)) /7 }. 5)

In this paper, we combine the maximum entropy policy optimization framework with MCTS, by esti-
mating the softmax values backpropagated from simulations. Specifically, we show that the softmax
values can be efficiently backpropagated in the search tree, which leads to a faster convergence rate
to the optimal policy at the root.

3 Softmax Value Estimation in Stochastic Bandit

We begin by introducing the stochastic softmax bandit problem. We provide an asymptotical lower
bound of this problem, propose a new bandit algorithm for it and show a tight upper bound on
its convergence rate. Our upper bound matches the lower bound not only in order, but also in the
coefficient of the dominating term. All proofs are provided in the supplementary material.



3.1 The Stochastic Softmax Bandit

Consider a stochastic bandit setting with arms set .A. At each round ¢, a learner chooses an action
A; € A. Next, the environment samples a random reward R; and reveals it to the learner. Let r(a)
be the expected value of the reward distribution of action a € .A. We assume r(a) € [0, 1], and that
all reward distributions are 02—subgaussianﬂ For round ¢, we define N;(a) as the number of times a
is chosen so far, and 7,(a) as the empirical estimate of r(a),

Nia) =Y HAi=a} #a)=3 _ I{A=a}Ri/Ni(a).

where I{-} is the indicator function. Let r € [0, 1]% be the vector of expected rewards, and ¥, be the
empirical estimates of r at round t. We denote 7, = f;(r) the optimal soft indmax policy defined
by the mean reward vector r. The stochastic bandit setting can be considered as a special case of an
episodic MDP with H = 1.

In a stochastic softmax bandit problem, instead of finding the policy with maximum expected reward
as in original stochastic bandits [11]], our objective is to estimate the softmax value Vj, = F,(r) for
some 7 > 0. We define U* = ) exp{r(a)/7} and U, = }_  exp{7(a)/7}, and propose to use
the estimator V; = F, (&) = 7log U;. Our goal is to find a sequential sampling algorithm that can
minimize the mean squared error, & = E[(U* — U;)?]. The randomness in & comes from both the
sampling algorithm and the observed rewards. Our first result gives a lower bound on &;.

Theorem 1. In the stochastic softmax bandit problem, for any algorithm that achieves £ = O( %)
there exists a problem setting such that

o? ’
tlgglo t& > = (Z exp(r(a)/7)> .

Also, to achieve this lower bound, there must be for any a € A, lim;_,oc Ni(a)/t = 73 (a).

Note that in Theorem we only assume & = O(1/t), but not that the algorithm achieves (asymptot-
ically) unbiased estimates for each arm. Furthermore, this lower bound also reflects the consistency
between the softmax value and the soft indmax policy (3): in order to achieve the lower bound on the
mean squared error, the sampling policy must converge to 7}, asymptotically.

3.2 E2W: an Optimal Sequential Sampling Strategy

Inspired by the lower bound, we propose an optimal algorithm, Empirical Exponential Weight (E2W),
for the stochastic softmax bandit problem. The main idea is very intuitive: enforce enough exploration
to guarantee good estimation of t, and make the policy converge to 7* asymptotically, as suggested
by the lower bound. Specifically, at round ¢, the algorithm selects an action by sampling from the
distribution )

m(a) = (1 — A)E-(£)(a) + )\tm . (6)
In (6), \s = | A|/log(t + 1) is a decay rate for exploration, with exploration parameter € > 0. Our
next theorem provides an exact convergence rate for E2W.

Theorem 2. For the softmax stochastic bandit problem, E2W can guarantee,

) 2
tlirgo t& = % (Z exp(r(a)/7)> .

Theorem 2] shows that E2W is an asymptotically optimal sequential sampling strategy for estimating
the softmax value in stochastic multi-armed bandits. The main contribution of the present paper is
the introduction of the softmax bandit algorithm for the implementation of tree policy in MCTS. In
our proposed new algorithm, softmax bandit is used as the fundamental tool both for estimating each
state’s softmax value, and balancing the growth of the search tree.

2For prudent readers, we follow the finite horizon bandits setting in 1], where the probability space carries
the tuple of random variables St = { Ao, Ro, ..., Ar, Rr}. For every time step ¢ — 1 the historical observation
defines a o-algebra F;_1 and A; is F;_1-measurable, the conditional distribution of A; is our policy at time 7,
and the conditoinal distribution of the reward R4, — r(A) is a martingale difference sequence.



4 Maximum Entropy MCTS

We now describe the main technical contributions of this paper, which combine maximum entropy
policy optimization with MCTS. Our proposed method, MENTS (Maximum Entropy for Tree Search),
applies a similar algorithmic design as UCT (see Section[2.2)) with two innovations: using E2W as
the tree policy, and evaluating each search node by softmax values back-propagated from simulations.

4.1 Algorithmic Design

Let 7 be a look-ahead search tree built online by the algorithm. Each node n(s) € T is labeled by a
state s, contains a softmax value estimate Qg (s, a), and a visit count N (s, a) for each action a. We
use Qr(s) to denote a |.A|-dimensional vector with components Qs (s, a). Let N(s) = >, N(s,a)
and Vi (s) = F(Qsn(s)). During the in-tree phase of the simulation, the tree policy selects an
action according to

1

[A]

where \; = ¢|A|/log(>", N(s,a)+1). Let {so, ao, s1,a1, . .., s} be the state action trajectory in
the simulation, where n(st) is a leaf node of 7. An evaluation function is called on st and returns
an estimate Rﬂ T is then grown by expanding n(st). Its statistics are initialized by Qs (st,a) =0
and N (s7,a) = 0 for all actions a. For all nodes in the trajectory, we update the visiting counts by
N(st,at) = N(s¢,a¢) + 1, and the Q-values using a softmax backup,

mi(als) = (1 = A)f (Qun(s))(a) + As @)

r(st,at) + R t=T-1
r(se,ae) + Fr(Qsui(se41)) t<T—1

The algorithm MENTS can also be extended to use domain knowledge, such as function approxi-
mations learned offline. For instance, suppose that a policy network 7(+|s) is available. Then the
statistics can be initialized by Qs (s7,a) = log 7 (a|st) and N(st,a) = 0 for all actions a during
the expansion. Finally, at each time step ¢, MENTS proposes the action with the maximum estimated
softmax value at the root so; i.e. a; = argmax, Qs (S0, @)

stt(st; at) = { ®)

4.2 Theoretical Analysis

This section provides the key steps in developing a theoretical analysis of the convergence property for
MENTS. We first show that for any node in the search tree, after its subtree has been fully explored,
the estimated softmax value will converge to the optimal value at an exponential rate. Recall that in
Theorem [T} an optimal sampling algorithm for the softmax stochastic bandit problem must guarantee
limy_, o0 Ni(a)/t = 7w} (@) for any action a. Our first result shows that this holds for true in E2W
with high probability. This directly comes from the proof of Theorem 2]

Theorem 3. Consider E2W applied to the stochastic softmax bandit problem. Let Ni (a) = my,(a)-t.

Then there exists some constants C and C' such that,

Ct

P <Nt(a) _ N a)] > logt) < OJAlt exp {_aogtt)s} .

In the bandit case, the reward distribution of each arm is assumed to be subgaussian. However, when
applying bandit algorithms at the internal nodes of a search tree, the payoff sequence experienced
from each action will drift over time, since the sampling probability of the actions in the subtree is
changing. The next result shows that even under this drift condition, the softmax value can still be
efficiently estimated according to the backup scheme (§).

Theorem 4. For any node n(s) € T, define the event,

B, = {Va € A,[N(s,a) = N*(s,a)| < N*(;’a)}

3We adapt a similar setting to Section where R; is replaced by the sample from the evaluation function,
and the martingale assumption is extended to the the selection policy and the evaluation function on the leaves.



where N*(s,a) = 7, (als) - N(s). For € € [0, 1), there exist some constant C' and C such that for
sufficiently large t,

P (|Visn(s) = Via(s)| > e[ B,) < Cexp {_NUT} |

Without loss of generality, we assume Q*(s,1) > Q*(s,2) > -+ > Q*(s,|A|) for any n(s) € T,
and define A = Q*(s,1) — Q*(s,2). Recall that by (3), the gap between the softmax and maximum
value is upper bounded by 7 times the maximum of entropy. Therefore as long as 7 is chosen small
enough such that this gap is smaller than A, the best action also has the largest softmax value. Finally,
as we are interested in the probability that the algorithm fails to find the optimal arm at the root, we
prove the following result.

Theorem 5. Let a; be the action returned by MENTS at iteration t. Then for large enough t with
some constant C,

P(a; #a") < Ctexp{—(logtt)a}.

Remark. MENTS enjoys a fundamentally faster convergence rate than UCT. We highlight two main
reasons behind this success result from the innovated algorithmic design. First, MENTS applies E2W
as the tree policy during simulations. This assures that the softmax value functions used in MENTS
could be effectively estimated in an optimal rate, and the tree policy would converge to the optimal
softmax policy 7, asymptotically, as suggested by Theorem and Theorem Secondly, Theorem
shows that the softmax value can also be efficiently back-propagated in the search tree. Due to these
facts, the probability of MENTS failing to identify the best decision at the root decays exponentially,
significantly improving the polynomial rate of UCT.

5 Related Work

Maximum entropy policy optimization is a well studied topic in reinforcement learning [} 16, [12].
The maximum entropy formulation provides a substantial improvement in exploration and robustness,
by adopting a smoothed optimization objective and acquiring diverse policy behaviors. The proposed
algorithm MENTS is built on the softmax Bellman operator (@), which is used as the value propagation
formula in MCTS. To our best knowledge, MENTS is the first algorithm that applies the maximum
entropy policy optimization framework for simulation-based planning algorithms.

Several works have been proposed for improving UCT, since it is arguably “over-optimistic” [3]] and
does not explore sufficiently: UCT can take a long time to discover an optimal branch that initially
looked inferior. Previous work has proposed to use flat-UCB, which enforces more exploration, as the
tree policy for action selection at internal nodes [3]]. Minimizing simple regret in MCTS is discussed
in [2,117]. Instead of using UCB1 as the tree policy at each node, these works employ a hybrid
architecture, where a best-arm identification algorithm such as Sequential Halving [7] is applied at
the upper levels, while the original UCT is used for the deeper levels of the tree.

Various value back-propagation strategies, particularly back-propagate the maximum estimated value
over the children, were originally studied in [4]]. It has been shown that the maximum backup is a
poor option, since the Monte-Carlo estimation is too noisy when the number of simulations is low,
which misguides the algorithm, particularly at the beginning of search. Complex back-propagation
strategies in MCTS have been investigated in [9], where a mixture of maximum backup with the well
known TD-\ operator [16]] is proposed. In contrast to these approaches, MENTS exploits the softmax
backup to achieve a faster convergence rate of value estimation.

6 Experiments

We evaluate the proposed algorithm, MENTS, across several different benchmark problems against
strong baseline methods. Our first test domain is a Synthetic Tree environment. The tree has branching
factor (number of actions) k of depth d. At each leaf of the tree, a standard Gaussian distribution is
assigned as an evaluation function, that is each time a leaf is visited, the distribution is used to sample
a stochastic return. The mean of each Gaussian distribution is determined in the following way: when
initializing the environment each edge is assigned a random value, then the mean of the Gaussian
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Figure 1: Evaluation of softmax value estimation in the synthetic tree environment. The x-axis shows
the number of simulations and y-axis shows the value estimation error. The shaded area shows the
standard error. We find that the softmax value can be efficiently estimated by MENTS.

distribution at a leaf is the sum of values along the path from the root to the leaf. This environment
is similar to the P-game tree environment [[10} [15] used to model two player minimax games, while
here we consider the single (max) player version. Finally, we normalize all the means in [0, 1].

We then test MENTS on five Atari games: BeamRider, Breakout, Q*bert, Seaquest and Spacelnvaders.
For each game, we train a vanilla DQN and use it as an evaluation function for the tree search as
discussed in the AlphaGo [13}[14]]. In particular, the softmax of Q-values is used as the state value
estimate, and the Boltzmann distribution over the Q-values is used as the policy network to assign a
probability prior for each action when expanding a node. The temperature is set to 0.1. The UCT
algorithm adopts the following tree-policy introduced in AlphaGo [14],

where P(s, a) is the prior probability. MENTS also applies the same evaluation function. The prior
probability is used to initialize the Qs as discussed in Section[d.1] We note that the DQN is trained
using a hard-max target. Training a neural network using softmax targets such as soft Q-learning
or PCL might be more suitable for MENTS [3} [12]. However, in the experiments we still use DQN
in MENTS to present a fair comparison with UCT, since both algorithms apply the exactly same
evaluation function. The details of the experimental setup are provided in the Appendix.

6.1 Results

Value estimation in synthetic tree. As shown in Section d.2] the main advantage of the softmax
value is that it can be efficiently estimated and back-propagated in the search tree. To verify this
observation, we compare the value estimation error of MENTS and UCT in both the bandit and tree
search setting. For MENTS, the error is measured by the absolute difference between the estimated
softmax value Vi (so) and the true softmax state value V5 (sg) of the root sg. For UCT, the error
is measured by the absolute difference between the Monte Carlo value estimation V' (sp) and the
optimal state value V*(sg) at the root. We report the results in Figure Each data point is averaged
over 5 X 5 independent experiment (5 runs on 5 randomly initialized environment). In all of the test
environments, we observe that MENTS estimates the softmax values efficiently. By comparison, we
find that the Monte Carlo estimation used in UCT converges far more slowly to the optimal state
value, even in the bandit setting (d = 1).

Online planning in synthetic tree. We next compare MENTS with UCT for online planning in the
synthetic tree environment. Both algorithms use Monte Carlo simulation with uniform rollout policy
as the evaluation function. The error is evaluated by V*(sg) — Q*(so, a;), where a; is the action
proposed by the algorithm at simulation step ¢, and sg is the root of the synthetic tree. The optimal
values @Q* and V* are computed by back-propagating the true values from the leaves when the
environment is initialized. Results are reported in Figure[2] As in the previous experiment, each data
point is averaged over 5 x 5 independent experiment (5 runs on 5 randomly initialized environment).
UCT converges faster than our method in the bandit environment (d = 1). This is because that the
main advantage of MENTS is the usage of softmax state values, which can be efficiently estimated
and back-propagated in the search tree. In the bandit case such an advantage does not exist. In the tree
case (d > 0), we find that MENTS significantly outperforms UCT, especially in the large domain.
For example, in synthetic tree with k = 8 d = 5, UCT fails to identify the optimal action at the root
in some of the random environments, result in the large regret given the simulation budgets. However,
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Figure 2: Evaluation of online planning in the synthetic tree environment. The x-axis shows the
number of simulations and y-axis shows the planning error. The shaded area shows the standard error.
We can observe that MENTS enjoys much smaller error than UCT especially in the large domain.

Table 1: Performance comparison of Atari games playing.

Agent  BeamRider Breakout Q%*bert Seaquest Spacelnvaders

DQN 19280 345 14558 1142 625

UCT 21952 367 16010 1129 656
MENTS 18576 386 18336 1161 1503

MENTS can continuously make progress towards the optimal solution in all random environments,
confirming MENTS scales with larger tree depth.

Online planning in Atari 2600 games. Finally, we compare MENTS and UCT using Atari games.
At each time step we use 500 simulations to generate a move. Results are provided in Table|l} where
we highlight scores where MENTS significantly outperforms the baselines. Scores obtained by DQN
are also provided. In Breakout, Q*bert and Spacelnvaders, MENTS significantly outperforms UCT
as well as the DQN agent. In BeamRider and Seaquest all algorithms performs similarly, since the
search algorithms only use the DQN as the evaluation function and only 500 simulations are applied
to generate a move. We can expect better performance when a larger simulation budget is used.

7 Conclusion

We propose a new online planning algorithm, Maximum Entropy for Tree Search (MENTS), for large
scale sequential decision making. The main idea of MENTS is to augment MCTS with maximum
entropy policy optimization, evaluating each node in the search tree using softmax values back-
proagated from simulations. We contribute two new observations that are essential to establishing the
effectiveness of MENTS: first, we study stochastic softmax bandits for single-step decision making
and show that softmax values can be estimated at an optimal convergence rate in terms of mean
squared error; second, the softmax values can be efficiently back-propagated from simulations in
the search. We prove that the probability of MENTS failing to identify the best decision at the root
decays exponentially, which fundamentally improves the worst case efficiency of UCT. Empirically,
MENTS exhibits a significant improvement over UCT in both synthetic tree environments and Atari
game playing.
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A Experimental Details

We provide the experiment details in this section.

Value estimation in synthetic tree. For all settings, we use 7 = (.01 for the softmax value. The ex-
ploration parameters for both MENTS and UCT are tuned from {0.1,0.2,0.4,0.6,0.8,1.0,1.5,2.0}.

Online planning in synthetic tree. The exploration parameters for MENTS and UCT are tuned
from {0.1,0.2,0.4,0.6,0.8,1.0,1.5,2.0}. The temperature parameter 7 of MENTS is tuned from
{0.5,0.1,0.05,0.01,0.005}.

Online planning in Atari 2600 games. The exploration parameter for both algorithms are tuned
from {5.0, 2.0, 1.0, 0.5, 0.1} The temperature parameter 7 of MENTS is tuned from {0.1, 0.05,0.01}.
The results is averaged over ten environment restarts.

In games such as BeamRider, one test game will take thousands of environment steps. Therefore, we
only test the algorithms within 10,000 environment steps. The search algorithms are used every 10
steps. For the other steps the agent will use the DQN to select action.

B Proofs for softmax stochastic bandit

We first introduce a Lemma that approximates the exponential function of empirical estimator using
delta method [[1]]. This Lemma will be used for both lower bound and upper bound analysis.

Lemma 1. Let X1, ..., X, beiid. random variables, such that E[X;] = pand V [X;] = 0% < oo,
X, =", Xi/n. The first two moment of exp (X,,/7) could be approximated by,

% 2 /T

E [exp <{")] = et/ 4 g—n (eiQ ) +R(n) )
% 2 /T 2

V[exp Xn ]2(6‘; > + R (n) (10)

where |[R(n)] < O (n™2),|R'(n)| < O (n72).

Proof. By Taylor’s expansion,
Xn /7_ 6'“'/7- — E'U'/T — 2 SE/T _ 3
€xp (7_) = e,u + - (Xn - ,u) + 27_2 (Xn - ﬂ) + 67‘3 (Xn - /L)

for some & between y and X,,. Taking the expectation on both sides,

X, e et/ T _ es/T _ 3
E[exp<7>}—e’/ +0+2 V[Xn]—FW]E{(Xn_M)}-
Let R(n) = S5 (X, — #)°]. By Lemma 5.3.1 of I, |R(n)| < O(n~2), which gives Eq (H)

Furthermore, note that

(-5 ) o)
h/T
a2

+ CaR(n) + CS
for some constant C', C5, C's. On the other hand, following the same idea of deriving Eq. (9),

_ 2 2
X, 202 [ el -
<eXP ()) ] = /7 4 72 (e ) + R(n)
T T

where |R(n)| < O(n~2). The proof of Eq. ends by taking the difference of the above two

equations. O

2

E

10



B.1 Proof of Theorem[l

We consider the learning problem in a Bayesian setting. In the stochastic bandit problem, we assume
the expected reward of each action r(a) is independently sampled from a Gaussian prior A/ (0, 03).
At time step ¢, for any action a, a reward X, ; is sampled from N (r(4;), 0?), independently to all
the previous observations. The learner chooses an action A; according to some policy and observe
X; = X 4, +. Without loss of generality, we assume that 02 = 1 and 7 = 1. Our goal is to prove

s (-0 2 (5,00 ] o

where the expectation is taken on the randomness of the algorithm, the expected rewards r, and the
observation X, ; given r. Therefore the existence of r that provides the lower bound is guaranteed
since r satisfies the property in expectation.

We define U, to be the posterior mean of U, i.e. the conditional expectation of U given the observations

N2 N2 - -
X, Thus, E {(U — Ut) — (U — Ut> } > 0. The benefit of considering U, is that U, can further

be decomposed into the Bayes estimator of each action, even without the assumption that U, is
decomposable or U; has (asymptotic) unbiased estimator for each arm.

We next introduce two technical lemmas that are useful to prove the lower bound. The first result
shows that for an algorithm that performs well on all possible environments, it must pull each arm
at least in Q(log t) in ¢t rounds. Note that unlike in the regret analysis for stochastic multi-armed
bandits, where one only cares about how many times the suboptimal arms are pulled, the Q(logt)
lower bound on Ny(a) for suboptimal arms is not strong enough to provides a tight lower bound of
&t

Lemma 2. For any algorithm A such that € = O(%), it holds that N(a) = Q(logt) for any arm a.

In the Bayesian learning setting defined above, since exp (X, ;) has a log-normal distribution with a
Gaussian prior, its posterior estimation is still log-normal. The second result studies the concentration
rate of the posterior estimation.

Ne(a) 5
Lemma 3. Let ®(a) = Zidi” Xaitl/2

To+N¢(a)
er(@) — (@) We have

E [A(a)|Ny(a),x] = O (NS(a))

be the posterior estimation of r(a) and define A(a) =

E[A()? | Ni(a),x] = e <<N<N>(+)a> o (N;(a))) |

Now we are ready to present the proof of the lower bound.

Proof of Theorem([I] By the tower rule and the fact that U is the minimizer of the mean squared error,

E[t (U—Utﬂ zE[t (U—Ut>2] :E[]E [t (U—ﬁt>2 r” ,

It then suffices to prove that

Jim E [t (v- Ut)z r] > (Zaer<a>)2

for any r. The rest of the proof is always conditioned onr. Let X, ¢ = X4 1, -, Xo N, (a) bE the

observations of action a up to time step . We can decompose U by

K K
U, =E[U|Xj4j€{l,....K}] =Y E [e?”(j)‘xj,t,j € {1,...,K}} =YE [e“j) ’xj,t} .

j=1 j=1

11



Therefore, the Bayesian estimator of U is

~ Nt(j)X__ 1/2
Ut:ZeXp (Z”_l i+ 1/ ) .
J

70 + Nt ()

N2
It remains to bound (U — Ut) conditioned on r. Note that

Ni(5) X

2
\2 " "t A 1/2
(v-0) = {sew-om (SR | - 3o o

i#j

N
(Zk;(lj) X;et+1/2

where Aj = eT(j) — €xp T0+N¢ ()

). Finally, define P;(j) = N¢(j)/t and let 79 — 0. By
Lemma[3] we have

fin e (-0 1

lim {E [E [(U - Ut)Q ’Nt(1)7 .. .,Nt(k),rH

e?r0) + 0 (ﬁ(]))

= lim E -
t—o0 r Pt(])

()

where the last inequality follows by Cauchy-Schwarz inequality and Lemma[2] Note that for the
inequality to hold there must be for all action k € [K], N (k) = N; (k).

Y

For the general case, where o, 7 # 1, we can simply scale the reward by 7, then the variance of X j,

is Z—z The proof still holds and we obtain the following inequality,

2
. % 02 — r(a)/T
lim (E [(U—Ut> |r] >5 (Z?T(a)e (a)/ ) ,

a

B.2 Concentration of N;(a) in Bandit (Theorem [3)

Define N;(a) = >« Ts(a), where 7, is the policy followed by E2W at time step s. By Theorem 2.3
in [[18] or [19], we have the following concentration result.

. €2 2¢2
P (|Nt(a) — Ni(a)| > 6) < 2exp <—22t02> < 2exp <_t) ;
s=1"s

where 02 < 1/4 is the variance of Benoulli distribution with p = 74 (k) at time step s. Denote the
event
E. = {Va € A,|Nt(a) — N¢(a)| < €}.

P (EE) < 2| Al exp (—2:2) .

It remains to bound PP (|Z\7t(a) — Nf(a)| > e). To prove Theorem|3| we first introduce two technical

Thus we have

lemmas, which prove the accuracy of our estimate on the reward and connect the convergence of the
reward estimation to the convergence of policy.

12



Lemma 4. For the stochastic softmax bandit problem, E2W can guarantee that, for t > 4,

Pt 2 i) < oo (- o)

Lemma 5. Given two soft indmax policies, 7 = f,(r™)) and 7 = £ (r®), we have

[0 a2 < (12 ) e -x]

Proof of Theorem

Proof. We denote the following event,

20
E. = —T < — 3.
" {”r Filloc log(2+t)}

For any time step s and action a, by the definition of 75(a) we have,
Ims(a) — 7*(a)| < |7s(a) — 77 (a)] + As.
Thus, to bound | N;(a) — N;*(a)|, conditioned on the event N!_, E, and for ¢ > 4 there is,
t t

[Ne(a) = Ni(a)] <D Ifs(a) =7 (@)l + D As

s=1 s=1
¢
1
§(1+T)Z|f‘ -1 +Z>\ (by Lemma3)
s=1
¢
1 20
<(1+-= 7 As by L
_( +T>;10g(2+s)+; ‘ (by Lemmaf)
1 K 20 i | Al
<1+ - —d —d
—( +T) o log(2+5) ”/s:()log(us) ’
Ct
“logt’

for some constant C' depending on |.A|, o and 7. Finally,

(1) - N7 @) = (o) < ZP i'““e’“p< T 77)

t
<At e <‘<log<z+t>>3> '

Therefore,
P (18e(0) - N7 (@] 2 (14 ) o
P <Nt(k) N{(R)] = ICt ) +P (INt(k) — Ny(k)| > t)

logt

+ 2| Al exp (—%>

t
<4|Alt -
<4[Alt exp ( log(2 + t)3) log(2 + t)?

=0 (“Xp < <logtt>3)>
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B.3 Proof of Theorem2]

Proof of Theorem[2] Let 6; = C't/logt with some constant C. Define the following set

gt:{s

and its complementary set Gf = {1,2,...,t} \ G.

s€l:t,[Nf(a)+ 8] >s>|N/(a) —575]},

By Theorem Va € {1,..., K}, with probability at least 1 — O (t exp <7m)), Ni(a) € G;.

By law of total expectation and Lemmal[T}

2 [ (2] -5 v - 92 [ (42 -

:Szt;P(Nt(a) = 5) (e“a)/f + ;—z (er(a;ﬁ)) - Xt:P(Nt(a) =5)0(s7?)

T
s=1

er(@)/T

=§P<Nt<a> =) (‘; (S55)+o)) +erer

Y

We divide the summation in two parts. For s € Gf, by TheoremE],

Zseg; P (Ni(a) = s) - ((27: (ET(:Q)/T) +0 (32)> <0 <113> (12)

For s € G;,

or(a)/r

S P =9 (3 (T ) +o () <o (i@ -a)") 03

Combine the above together,
(e ()] (1))
—¢ <Z 0 <1) +0 ((N:(a) - &)‘1)) 2 .

lim ¢ (U* —E[U])* =0,

t—o00

i.e. U, is a consistent estimate for U*.

t(U—E[U,])?

Thus,

To bound &, it remains to bound the variance of U; since it is unbiased. By the law of total variance,

o (1)) o () ] o o (2

Note that by Lemmal[l] the first term is

B [ [on (“40) it

|| as




Using the same idea in Eq. (I2) and Eq. (T3)), we consider the summation in two parts. For s € Gf,

D g FVi@) = 5)- (o: (emim)z o (S_)> Y (1)

For s € G;,

5 posio o (% (00) w0 (1)) < S gy o (0o

Put these together we have,

E {V {exp (”ia)) ‘Nt(a)” <0 (1) + :—z : ]\;2(2;)/:& i) ((Nt*(a) - 5t)‘%) (15)

For the second term of Eq. (T4) we have,

[l oo (P42) [t0] 2] (2 e (2192) ] )

For the first term, by LemmalT]

Eror-a(ofn ()l
= Et:IP’(Nt(a) = s) (ez’“(“)“ + %2 (er(i)/7)2> +0 (5‘3/2)

1 0.2 eQT(a)/‘r
) TN @) -

+0 (N (@) ~)7F)

where the last inequality follows by the same idea of proving (I3)). For the second term, combining

Eqs. (TT) to (T3),

<]E {exp (”i‘”)DZ — exp (2’”5“)) 4O C) +0 (N ()=o) ")

Then we have,

Vv {E [exp <ft§“)) ‘Nt(a)H <0 (1) + j—z : ]\% +0((N(@=6)7") a6

Note that

| o2 e?r(a)/‘r o2 627"(0,)/7'
A
el 7 Nf() =6 o 1(a) - %
2 r(a)/T
:%'eﬁ(a) '(Za:ﬂa)eXp(r(a)/T)) a7

[N/



Combine Eq. (T3), Eq. (T6) and Eq. (T7) together,

lim £V [Ut}

t—o0

= lim ¢ <Z 72(a)V [exp (”i“))])
D, <O<> O

+tZ7r (N 07

()

which ends the proof. O

B.4 Technical Lemmas

Proof of Lemma[2] Consider two gaussian environments v4 and v, with unit variance. The vector of
means of the reward per arm in v4 is (r(1),...,r(K)) and (r(1) 4+ 2¢,7(2),...,7(K)) in vo. Define
K

U = Zi:l eri, Up=ent2 4 Z:; e’
Let P; and [P, be the distribution induced by v and v» respectively. Denote the event,
E= {|Ut - U] > e“e} ,
By definition, the error £ ,,, under v; satisfies
Ery > P1 (E)E [(U1 AT |E} > P (B) e e,
and the error &; ,, under v, satisfies
Eiwe = P (B)E (U2 — 0)? | B 2 Py (B) 21

Therefore, under the assumption that the algorithm suffers O(%) error in both environments,

1
O(E) =&.p +Ep, > P1(E)e* e + Py (E°) €

1
_ 627'162 (]Pl (E) + ]P)2 (Ec)) 2 562” 62672Nt(lc)52
where the last inequality follows by Pinsker’s inequality and Divergence decomposition Lemma [[11].

Therefore N (k) = Q(log(t)). O

Proof of Lemma[3] Define
Ni(a)

= m(ﬂa) —r(a)) +

By the fact that the variance of X, ; givenris 1,

E[T(a)| No(a), 1] = L2=T0r(@)

7o + Ne(a) .
) 0’2Nt a
E[T(a)* | Ni(a),x] = (Ni(a) JET)O)Q o (Nfl(a)> ’

16




Then we have

E[A(a)|No(a),1] = €@ —E [e%)\Nt(a),r}
. 1
— @) (1 —E {er(a”Nt(a),r}) =0 (Nt(a)>

Similarly,
N (5) 1
E [A(a)?| Ni(a),r e2r(a)(t+0( ))
(A N x] 0 +o? O \WG)

Proof of LemmaM] By the choice of A, =i gl(l—‘&- > it follows that for all @ and ¢ > 4,

~ t t 1

= > _—
Nt(a) Zs:l 71'5(@) = Zs:l log(l + S)

s/(s +1)
=D log(1+s)  (log(1 + )2

>/1+t 1 s/(s+1
—Ji log(l+s)  (log(1+s))?
14t 1
~log(2+1t)  log?2

t
>
= 2log(2+ 1)

Conditioned on the event E, where we set € = it follows that Ny(a) >

t
4log(2+t)°
for any action a by the definition of sub-gaussian,

P [r(a) = 7¢(a)| > \/802 log(3)log(2 + t)>

t

202 log(2)

<P [ |r(a) — 7#(a)] > Ni(a) <

Let ¢ satisfy that log(2/9) = W’

20 t
P — 7 — ) <2  —
(o)~ > i) <20 (~qgarap)
Therefore for t > 2
20
Ire = fule 2 o)

( < = og(2 1 1)
(||rt Bl > 10g(220+ 5 ‘E) +P (E)
2

20
( )=l > ey

<2lAJexp (—M) + 2 e <_m>

<4| Al exp (—<1og(2t+t))3>

17
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Proof of Lemmal[5] Note that

Hw(l) — 77(2)H < Hlog 7 —log 7T(2)H

<1 Hru) _ r(z)” n ’;T(ru)) _;T(ru))‘
T o]
The proof ends by using the fact | 7 (r™)) — F(r®)| < ||r™) — r@]|__, which follows Lemma 8
of [12]. [
C Proofs for Tree

This section contains the detailed proof for theorems in the tree setting, in particular, Theorem 4 and
Theorem

C.1 Proof of Theorem[d

Proof. We prove this using induction on the depth D of tree. For the base case (D=0), the result
directly follows by the fact v is sub-gaussian. Now, at some internal node n(s) € 7, assume the

result holds for all its children, we prove the result still holds.

For any state s, we define EV(s) = exp(Vi(s)/7) and EV*(s) = exp(V}(s)/T). Note that

EV—-EV* > cEV* &V > 7log(l+¢)+ V*
EV* —EV > ¢EV* & V < 7log(l —¢) + V*

Therefore it is equivalent to prove for any node in tree,

P ([EV(s) — EV*(s)| = eEV*(5)| E,) < Cexp {—6 éfff) }

for some constant C' and C'. Note that by the definition of U we have
EV(s) = Y _exp(Qui(s,a)/7) = > exp{(r(s, a) + Vin(sa))/T}

where s, is the state reached by taking action a at state s. Since the reward is deterministic and
bounded which only affects the scale, we can then only consider the convergence of Vi (s, ). Consider
a decompose vector « such that > ©, aEV*(s,) = eEV*(s).

P(|EV(s) — EV*(s)| > €eEV*(s) | Es) < ZIP’(|EV(SQ) —EV*(s4)| > a,EV*(s4) | Es)

~ OZQNST['* als
<3 oo (-SETTHEY),

18



where the last inequality is by the induction hypothesis. Let a2n(als) = M where VM =

= EV*E?:)*/(\S}WE(W). One can verify that >, a,EV*(s,) = €EV*(s). Therefore,

P ([EV(s) —EV*(s)| > €EV*(s <ZC exp [ - ) ( €EV*(s) )

20,02 \ 3, EV*(54)/ /T (a]s)
€2N(s) EV*(s)*

20 (S, VEV IRV ) )

€2N(s) EV*(s)
2Co2 (Za EV*(sa))2
<|A|C exp (—1 62N(8)>

<|A[Cexp | -

<|A|Cexp | —

|A] 2Co?
- 2N
<Cjexp (—6 - (S)> .
020'2
Picking C' = max{C}, C} leads to the conclusion. O

C.2 Proof of Theorem

Proof. Let a* be the action with largest softmax value and s be the root state. Moreover, let
U(sa) = exp(Qs(s,a)/T) and U*(s,) = exp (Qf;(s,a)/7). The event E; is defined as in
Theorem[d] The probability that MENT selects an sub-optimal arm at s is,
P(Ja € A, U(sq) > U(sgx)) <P (Ja € A, U(sq) > U(Sa+) | Es) + P (ES)
<ZIP’ ($q) > Ul(sq) | Es) + P (ES).

Since we can upper bound P (E¢) by Theorem [3] it remains to bound P (U(s,) > U(s,+)
P(U(sa) > U(sa*) | Es)
=P (U(sa) — U($q+) = U™ (84) + U (s4+) > U"(8a) — U"(Sa) | Es)
<P (|U(sa) = U"(8a-) (sa+) [ Bs) + P(|U(sa) = U"(84)| > BU"(sa) | E;)
~ N*(s,a*)a? ~ N*(s,a)3?
<C.. I SR _ TP
<Cy» exp { 5C,0? } +Cq exp{ 50,02
where aU*(sq+) + BU*(sq) = U*(sq+) — U*(s4). The last inequality follows by Theorem[4] since
U(sa) —U*(sa) = exp(r(s,a)) (exp (Viu(s')) — exp (Vi(s'))), where s is the state of the child of

n(s) taking action a. Recall that for any action a, N*(s,a) =t - 7} (a|s). We can choose « and 3

s)-

similarly as in the proof,
(U~ (sa=) = U™ (sa))/ /T (a*[s)
U*(s,a)/\/mg(als) + U*(s,a*)/y/m5(a*]s)
8= (U*(sa+) = U*(84))/ v/ (als) .
U*(s,a)/\/mg(als) + U*(s,a*)//m5(a*]s)
Then, there exists some constant C,, and C, such that

’ t (U*(8a+) — U*(34))?
ES)SC“GXP< 2C,0% U*(s)(/U*(s,a) + /U*(s, a*) )

P (U(sa) > U(5a-)

19



We can omit the terms depending on U™ since they only affect the scale (we can switch to a new
constant C/,.) Finally, by Theorem|3]

P(3a € A,U(sq) > U(sa-)) < Y P (U(sa) > Ulsa) | Es) + P (ES)

t t
< ZC(’I exp {—20&02 } + C'texp {_(logt)3 }

t
Sc’fexp{‘aogm}

for some constant C' not depending on ¢. O

20
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