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Abstract

We investigate a reduction of supervised learning to game playing that reveals new
connections and learning methods. For convex one-layer problems, we demonstrate
an equivalence between global minimizers of the training problem and Nash
equilibria in a simple game. We then show how the game can be extended to general
acyclic neural networks with differentiable convex gates, establishing a bijection
between the Nash equilibria and critical (or KKT) points of the deep learning
problem. Based on these connections we investigate alternative learning methods,
and find that regret matching can achieve competitive training performance while
producing sparser models than current deep learning strategies.

1 Introduction

In this paper, we investigate a new approach to reducing supervised learning to game playing. Unlike
well known reductions [9} 32, |33], we avoid duality as a necessary component in the reduction,
which allows a more flexible perspective that can be extended to deep models. An interesting finding
is that the no-regret strategies used to solve large-scale games [39] provide effective stochastic
training methods for supervised learning problems. In particular, regret matching [[13]], a step-size
free algorithm, appears capable of efficient stochastic optimization performance in practice.

A central contribution of this paper is to demonstrate how supervised learning of a directed acyclic
neural network with differentiable convex gates can be expressed as a simultaneous move game with
simple player actions and utilities. For variations of the learning problem (i.e. whether regularization
is considered) we establish connections between the critical points (or KKT points) and Nash
equilibria in the corresponding game. As expected, deep learning games are not simple, since even
approximately training deep models is hard in the worst case [15]. Nevertheless, the reduction reveals
new possibilities for training deep models that have not been previously considered. In particular, we
discover that regret matching with simple initialization can offer competitive training performance
compared to state-of-the-art deep learning heuristics while providing sparser solutions.

Recently, we have become aware of unpublished work [2] that also proposes a reduction of supervised
deep learning to game playing. Although the reduction presented in this paper was developed
independently, we acknowledge that others have also begun to consider the connection between deep
learning and game theory. We compare these two specific reductions in Appendix [J| and outline the
distinct advantages of the approach developed in this paper.

2 One-Layer Learning Games

We start by considering the simpler one-layer case, which allows us to introduce the key concepts
that will then be extended to deep models. Consider the standard supervised learning problem where
one is given a set of paired data {(z,y:)};_;, such that (z;,y;) € X x ), and wishes to learn a
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predictor h: X — ). For simplicity, we assume X = R and ) = R". A standard generalized linear
model can be expressed as h(x) = ¢(fz) for some output transfer function ¢ : R™ — R™ and matrix
0 € R™*™ denoting the trainable parameters of the model. Despite the presence of the transfer
function ¢, such models are typically trained by minimizing an objective that is convex in z = 0.

OLP (One-layer Learning Problem) Given a loss function £ : R™ x R™ — R that is convex in
the first argument, let £;(z) = ¢(z,y;) and L,(0) = ¢;(0z;). The training problem is to minimize

LO)=T"1 Zthl L(0) with respect to the parameters 6.

We first identify a simple game whose Nash equilibria correspond to global minima of the one-layer
learning problem. This basic relationship establishes a connection between supervised learning and
game playing that we will exploit below. Although this reduction is not a significant contribution by
itself, the one-layer case allows us to introduce some key concepts that we will deploy later when
considering deep neural networks. A one-shot simultaneous move game is defined by specifying: a
set of players, a set of actions for each player, and a set of utility functions that specify the value to
each player given a joint action selection [40, Page 9] (also see Appendix [E). Corresponding to the
OLP specified above, we propose the following game.

OLG (One-layer Learning Game) There are two players, a protagonist p and an antagonist a. The
protagonist chooses a parameter matrix § € R™*", The antagonist chooses a set of T' vectors
and scalars {a;,b;}7_;, a; € R, b, € R, such that a; z + b; < £,(2) for all z € R™; that is, the
antagonist chooses an affine minorant of the local loss for each training example. Both players make
their action choice without knowledge of the other player’s choice. Given a joint action selection
(0,{as,b;}) we define the utility of the antagonist as U* = T~! Zthl a 0z + by, and the utility of
the protagonist as U? = —U“. This is a two-person zero-sum game with continuous actions.

A Nash equilibrium is defined by a joint assignment of actions such that no player has any incentive
to deviate. That is, if o? = 6 denotes the action choice for the protagonist and ¢ = {as, b;} the
choice for the antagonist, then the joint action ¢ = (¢, c®) is a Nash equilibrium if UP(67,0%) <
UP(a?,c?) for all 67, and U%(0?,6%) < U%(oP,0®) for all 5°.

Using this characterization one can then determine a bijection between the Nash equilibria of the
OLG and the global minimizers of the OLP.

Theorem 1 (1) If (6%, {a¢, b:}) is a Nash equilibrium of the OLG, then 0* must be a global minimum
of the OLP. (2) If 0* is a global minimizer of the OLP, then there exists an antagonist strategy {a, b; }
such that (6%, {as, b:}) is a Nash equilibrium of the OLG. (All proofs are given in the appendix.)

Thus far, we have ignored the fact that it is important to control model complexity to improve
generalization, not merely minimize the loss. Although model complexity is normally controlled by
regularizing 6, we will find it more convenient to equivalently introduce a constraint § € © for some
convex set © (which we assume satisfies an appropriate constraint qualification; see Appendix |C).
The learning problem and corresponding game can then be modified accordingly while still preserving
the bijection between their solution concepts.

OCP (One-layer Constrained Learning Problem) Add optimization constraint § € © to the OLP.
OCG (One-layer Constrained Learning Game) Add protagonist action constraint § € © to OLG.

Theorem 2 (1) If (6%, {a¢,b:}) is a Nash equilibrium of the OCG, then 0* must be a constrained
global minimum of the OCP. (2) If 0% is a constrained global minimizer of the OCP, then there exists
an antagonist strategy {a, by } such that (0*,{a,b:}) is a Nash equilibrium of the OCG.

2.1 Learning Algorithms

The tight connection between convex learning and two-person zero-sum games raises the ques-
tion of whether techniques for finding Nash equilibria might offer alternative training approaches.
Surprisingly, the answer appears to be yes.

There has been substantial progress in on-line algorithms for finding Nash equilibria, both in theory
[6l 27} 38]] and practice [39]. In the two-person zero-sum case, large games are solved by pitting two
regret-minimizing learning algorithms against each other, exploiting the fact that when both achieve
a regret rate of /2, their respective average strategies form an e-Nash equilibrium [42]. For the game
as described above, where the protagonist action is # € © and the antagonist action is denoted o,



we imagine playing in rounds, where on round % the joint action is denoted by o*) = (8%), ¢{*)).
Since the utility function for each player U® for i € {p,a}, is affine in their own action choice for
any fixed action chosen by the other player, each faces an online convex optimization problem [41]]
(note that maximizing U" is equivalent to minimizing —U?; see also Appendix . The total regret
of a player, say the protagonist, is defined with respect to their utility function after K rounds as
RP(cW ... 0F)) = maxgeco Zle Ur (e, O’ék)) —Ur (e, O'((lk)). (Nature can also be introduced
to choose a random training example on each round, which simply requires the definition of regret to
be expressed in terms of expectations over nature’s choices.)

To accommodate regularization in the learning problem, we impose parameter constraints ©. A
particularly interesting case occurs when one defines © = {6 : ||0||; < B}, since the L; ball
constraint is equivalent to imposing L, regularization. There are two distinct advantages to L
regularization in this context. First, as is well known, L encourages sparsity in the solution. Second,
and much less appreciated, is the fact that any polytope constraint allows one to reduce the constrained
online convex optimization problem to learning from expert advice over a finite number of experts
[41]]: Given a polytope O, define the convex hull basis H(O) to be a matrix whose columns are the
vertices in ©. An expert can then be assigned to each vertex in H(O), and an algorithm for learning
from expert advice can then be applied by mapping its strategy on round k, p*) (a probability
distribution over the experts), back to an action choice in the original problem via §(%) = H(0)p*),
while the utility vector on round %, u(*), can be passed back to the experts via H(©) " u*) [41].

Since this reduction allows any method for learning from expert advice to be applied to L; constrained
online convex optimization, we investigated whether alternative algorithms for supervised training
might be uncovered. We considered two algorithms for learning from expert advice: the normalized
exponentiated weight algorithm (EWA) [25| 36] (Algorithm [3); and regret matching (RM), a
simpler method from the economics and game theory literature [13]] (Algorithm [2). For supervised
learning, these algorithms operate by using a stochastic sample of the gradient to perform their
updates (outer loop Algorithm |[I)). EWA possesses superior regret bounds that demonstrate only a
logarithmic dependence on the number of actions; however RM is simpler, hyperparameter-free,
and still possesses reasonable regret bounds [10l [11]. Although exponentiated gradient methods
have been applied to supervised learning [21}|36]], we not aware of any previous attempt to apply
regret matching to supervised training. We compared these to projected stochastic gradient descent
(PSGD), which is the obvious modification of stochastic gradient descent (SGD) that retains a similar
regret bound [8, 31]] (Algorithm [).

2.2 [Evaluation

To investigate the utility of these methods for supervised learning, we conducted experiments on
synthetic data and on the MNIST data set [23]]. Note that PSGD and EWA have a step size parameter,
n®)| that greatly affects their performance. The best regret bounds are achieved for step sizes of the
form nk~—'/2 and nlog(m)k—1/2 respectively [31]]; we also tuned 7 to generate the best empirical
results. Since the underlying optimization problems are convex, these experiments merely focus on
the speed of convergence to a global minimum of the constrained training problem.

The first set of experiments considered synthetic problems. The data dimension was set to m = 10,
and 7' = 100 training points were drawn from a standard multivariate Gaussian. For univariate
prediction, a random hyperplane was chosen to label the data (hence the data was linearly separable,
but not with a large margin). The logistic training loss achieved by the running average of the
protagonist strategy 6 over the entire training set is plotted in Figure|lal For multivariate prediction, a
4 x 10 target matrix, 8*, was randomly generated to label training data by arg max(6*x;). The training
softmax loss achieved by the running average of the protagonist strategy 6 over the entire training
set is shown in Figure [Tb] The third experiment was conducted on MNIST, which is an n = 10
class problem over m = 784 dimensional inputs with 7" = 60, 000 training examples, evidently not
linearly separable. For this experiment, we used mini-batches of size 100. The training loss of the
running average protagonist strategy 6 (single run) is shown in Figure The apparent effectiveness
of RM in these experiments is a surprising outcome. Even after tuning 7 for both PSGD and EWA,
they do not surpass the performance of RM, which is hyperparameter free. We did not anticipate this
observation; the effectiveness of RM for supervised learning appears not to have been previously
noticed. (We do not expect RM to be competitive in high dimensional sparse problems, since its
regret bound has a square root and not a logarithmic dependence on n [[10].)
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(a) Logistic loss, synthetic data. (b) Softmax loss, synthetic data. (c) Softmax loss, MNIST data.

Figure 1: Training loss achieved by different no-regret algorithms. Subfigures (a) and (b) are averaged
over 100 repeats, log scale x-axis. Subfigure (c) is averaged over 10 repeats (psgd theory off scale).

3 Deep Learning Games

A key contribution of this paper is to show how the problem of training a feedforward neural network
with differentiable convex gates can be reduced to a game. A practical consequence of this reduction
is that it suggests new approaches to training deep models that are inspired by methods that have
recently proved successful for solving massive-scale games.

Feedforward Neural Network A feedforward neural network is defined by a directed acyclic graph
with additional objects attached to the vertices and edges. The network architecture is specified by
N = (V,E,I,O, F), where V is aset of vertices, E C V x V isasetofedges, I = {i1...i,} CV
is a set of input vertices, O = {01 ...0,} C V is a set of output vertices, and F' = {f, : v € V}isa
set of activation functions, where f, : R — R. The trainable parameters are given by 6 : £ — R.

In the graph defined by G = (V, E), a path (vy, ..., vy ) consists of a sequence of vertices such that
(vj,vj+1) € E forall j. A cycle is a path where the first and last vertex are equal. We assume that G
contains no cycles, the input vertices have no incoming edges (i.e. (u,i) ¢ E foralli € I, u € V),
and the output vertices have no outgoing edges (i.e. (0,v) € E forall o € O, v € V). A directed
acyclic graph generates a partial order < on the vertices where v < v if and only if there is a path from
wtowv. Forallv € V, define E, = {(u,u’) € E : v/ = v}. The network is related to the training
data by assuming |I| = m, the number of input vertices corresponds to the number of input features,
and |O| = n, the number of output vertices corresponds to the number of output dimensions. It is a
good idea (but not required) to have two additional bias inputs, whose corresponding input features
are always set to 0 and 1, respectively, and have edges to all non-input nodes in the graph. Usually,
the activation functions on input and output nodes are the identity, i.e. f,(xz) = « forv € T UO.

Given a training input z; € R™, the computation of the network NV is expressed by a circuit value
function c; that assigns values to each vertex based on the partial order over vertices:

c(i, 0) = fip(wyy) forip € I, ¢ (v,0) = fU(Zu:(u,u)eE ct(u,ﬂ)ﬂ(u,v)) forveV —1. (1)

Let ¢; (0, §) denote the vector of values at the output vertices, i.e. (¢;(0,0))r = ct(og, ). Since each
fv is assumed differentiable, the output c;(0, §) must also be differentiable with respect to 6.

When we wish to impose constraints on 6 we assume the constraints factor over vertices, and are
applied across the incoming edges to each vertex. That is, for each v € V' — I the parameters 6
restricted to E,, are required to be in a set ©, C R¥», and © = HUEV— ; ©4. (We additionally
assume each O, satisfies constraint qualifications—see Appendix [C|—and can also alter the factoriza-
tion requirement to allow more complex network architectures—see Appendix . If© = RE, we
consider the network to be unconstrained. If © is bounded, we consider the network to be bounded.

DLP (Deep Learning Problem) Given a loss function ¢(z, y) that is convex in the first argument
satisfying 0 < ¢(z,y) < oo for all z € R™, define ¢;(z) = ¢(z,y:) and L¢(0) = ¢;(ct(0,0)). The
training problem is to find a € © that minimizes L(6) = 7! Zthl L(0).

DLG (Deep Learning Game) We define a one-shot simultaneous move game [40} page 9] with
infinite action sets (Appendix [E)); we need to specify the players, action sets, and utility functions.



Players: The players consist of a protagonist p for each v € V — I, an antagonist a, and a set
of self-interested zannis s,,, one for each vertex v € VE] Actions: The protagonist for vertex v
chooses a parameter function 6, € ©,. The antagonist chooses a set of T" vectors and scalars
{as, b}, a; € R™, by € R, such that a/ z + b; < £4(2) for all z € R™; that is, the antagonist
chooses an affine minorant of the local loss for each training example. Each zanni s, chooses
a set of 27 scalars (qut, dut), gt € R, dyy € R, such that g,z + dye < fo(2) for all z € R;
that is, the zanni chooses an affine minorant of its local activation function f, for each training
example. All players make their action choice without knowledge of the other player’s choice.
Utilities: For a joint action o = (0, {at, b+ }, {qut, dvt }), the zannis’ utilities are defined recursively
following the parial order on vertices. First, for each ¢« € I the utility for zanni s; on training
example t is US(0) = d;+ + qitx4t, and for each v € V' — T the utility for zanni s, on example
tis Ugy(o) = dut + qut 2oy (uv)er Usu(0)0(u, v). The total utility for each zanni s, is given
by Ui(o) = Zthl 5.(0) for v € V. The utility for the antagonist a is then given by U® =
T-! Z;‘F:l Uf where Uf(0) = by + > _1 areUS (o). The utility for all protagonists are the same,
UP(c) = —U% (o). (This representation also allows for an equivalent game where nature selects an

example ¢, tells the antagonist and the zannis, and then everyone plays their actions simultaneously.)
The next lemma shows how the zannis and the antagonist can be expected to act.

Lemma 3 Given a fixed protagonist action 0, there exists a unique joint action for all agents
o = (0,{at,b:},{qut, dvt}) where the zannis and the antagonist are playing best responses to o.
Moreover, UP(0) = —L(0), VoUP(0) = =V L(0), and given some protagonistatv € V. — I, if we
hold all other agents’ strategies fixed, UP (o) is an affine function of the strategy of the protagonist at
v. We define o as the joint action expansion for 6.

There is more detail in the appendix about the joint action expansion. However, the key point is that
if the current cost and partial derivatives can be calculated for each parameter, one can construct the
affine function for each agent. We will return to this in Section 3.1}

A KKT point is a point that satisfies the KKT conditions [18} 22]]: roughly, that either it is a critical
point (where the gradient is zero), or it is a point on the boundary of © where the gradient is pointing
out of © “perpendicularly” (see Appendix [C). We can now state the main theorem of the paper,
showing a one to one relationship between KKT points and Nash equilibria.

Theorem 4 (DLG Nash Equilibrium) The joint action o =(0,{as, b}, {qut, dvt}) is a Nash equi-
librium of the DLG iff it is the joint action expansion for 6 and 0 is a KKT point of the DLP.

Corollary 5 If the network is unbounded, the joint action o = (0, {a, b:}, {quvt, dvt}) is a Nash
equilibrium of the DLG iff it is the joint action expansion for 6 and 0 is a critical point of the DLP.

Finally we note that sometimes we need to add constraints between edges incident on different
nodes. For example, in a convolutional neural network, one will have edges e = {u,v} and
e’ = {u/,v'} such that there is a constraint §, = 6+ (see Appendix [H). In game theory, if two agents
act simultaneously it is difficult to have one agent’s viable actions depend on another agent’s action.
Therefore, if parameters are constrained in this manner, it is better to have one agent control both.
The appendix (beginning with Appendix [B) extends our model and theory to handle such parameter
tying, which allows us to handle both convolutional networks and non-convex activation functions
(Appendix[I). Our theory does not apply to non-smooth activation functions, however (e.g. ReLU
gates), but these can be approximated arbitrarily closely by differentiable activations.

3.1 Learning Algorithms

Characterizing the deep learning problem as a game motivates the consideration of equilibrium
finding methods as potential training algorithms. Given the previous reduction to expert algorithms,
we will consider the use of the L; ball constraint ©,, = {6, : ||0,|1 < S} at each vertex v. For deep
learning, we have investigated a simple approach by training independent protagonist agents at each
vertex against a best response antagonist and best response zannis [[17]]. In this case, it is possible

2 Nomenclature explanation: Protagonists nominally strive toward a common goal, but their actions can
interfere with one another. Zannis are traditionally considered servants, but their motivations are not perfectly
aligned with the protagonists. The antagonist is diametrically opposed to the protagonists.



Algorithm 1 Main Loop

Algorithm 2 Regret Matching (RM)

On round k, observe some x; (or mini batch)
Antagonist and zannis choose best responses

which ensures VUP(0,,) = —VL(ng))

g —wvur(6,)
Apply update to n()k), pg,k) and Hf,k) YveV

rD P 4 H(0,) gl —
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Algorithm 3 Exp. Weighted Average (EWA)

Algorithm 4 Projected SGD
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to devise interesting and novel learning strategies based on the algorithms for learning from expert
advice. Since the optimization problem is no longer convex in a local protagonist action 6,,, we do
not expect convergence to a joint, globally optimal strategy among protagonists. Nevertheless, one
can develop a generic approach for using the game to generate a learning algorithm.

Algorithm Outline On each round, nature chooses a random training example (or mini-batch).
For each v € V/, each protagonist v selects her actions 6, € ©,, deterministically. The antagonist
and zannis then select their actions, which are best responses to the 6, and to each other’| The
protagonist utilities U} are then calculated. Given the zanni and antagonist choices, U? is affine

. . . - P
in the protagonist’s action, and also by Lemmafor all e € E,, we have g—g = —%f“). Each

protagonist v € V' then observes their utility and uses this to update their stratz:gy. See Alegorithm
for the general loop, and Algorithms [2] [3]and 4] for specific updates.

Given the characterization developed previously, we know that a Nash equilibrium will correspond to
a critical point in the training problem (which is almost certain to be a local minimum rather than
a saddle point [24]). It is interesting to note that the usual process of backpropagating the sampled
(sub)gradients corresponds to computing the best response actions for the zannis and the antagonist,
which then yields the resulting affine utility for the protagonists.

3.2 Experimental Evaluation

We conducted a set of experiments to investigate the plausibility of applying expert algorithms at each
vertex in a feedforward neural network. For comparison, we considered current methods for training
deep models, including SGD [3]], SGD with momentum [37]], RMSprop, Adagrad [7], and Adam
[20]. Since none of these impose constraints, they technically solve an easier optimization problem,
but they are also un-regularized and therefore might exhibit weaker generalization. We tuned the step
size parameter for each comparison method on each problem. For the expert algorithms, RM, EWA
and PSGD, we found that EWA and PSGD were not competitive, even after tuning their step sizes.
For RM, we initially found that it learned too quickly, with the top layers of the model becoming
sparse; however, we discovered that RM works remarkably well simply by initializing the cumulative
regret vectors nSO) with random values drawn from a Gaussian with large standard deviation o.

As a sanity check, we first conducted experiments on synthetic combinatorial problems: “parity”,
defined by y = 21 ® - - - ® x,,, and “folded parity”, defined by y = (21 Ax2) B -+ D (Typ—1 A Tin)
[30Q]. Parity cannot be approximated by a single-layer model but is representable with a single hidden
layer of linear threshold gates [[12], while folded parity is known to be not representable by a (small
weights) linear threshold circuit with only a single hidden layer; at least two hidden layers are required
[30]. For parity we trained a m-4m-1 architecture, and for folded parity we trained a m-4m-4m-1
architecture, both fully connected, m = 8. Here we chose the L constraint bound to be § = 10
and the initialization scale as ¢ = 100. For the nonlinear activation functions we used a smooth

3 Conceptually, each zanni has a copy of the algorithm of each protagonist and an algorithm for selecting a
joint action for all antagonists and zannis, and thus do not technically depend upon 6,,. In practice, these multiple
copies are unnecessary, and one merely calculates 0, € O, first.
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Figure 2: Experimental results. (a) Parity, m-4m-1 architecture, 100 repeats. (d) Folded parity,
m-4m-4m-1 architecture, 100 repeats. (b) and (c): MNIST, 784-1024-1024-10 architecture, 10
repeats. (e) and (f): MNIST, 28 x 28-¢(5x 5, 64)-¢(5x 5, 64)-¢(5 x 5, 64)-10 architecture, 10 repeats.

approximation of the standard ReLU gate f,(x) = 7log(1 + ¢*/7) with 7 = 0.5. The results shown
in Figure [2a] and Figure [2d| confirm that RM performs competitively, even when producing models
with sparsity, top to bottom, of 18% and 13% for parity, and 27%, 19% and 21% for folded parity.

We next conducted a few experiments on MNIST data. The first experiment used a fully con-
nected 784-1024-1024-10 architecture, where RM was run with S = 30 and initialization scales
(01,092,03) = (50,200,50). The second experiment was run with a convolutional architecture
28%28-¢(5x5,64)-¢(5x5, 64)-¢(5x5, 64)-10 (convolution windows 5 x 5 with depth 64), where RM
was run with (51, 82, 83, B4) = (30,30, 30, 10) and initialization scales o = 500. The mini-batch
size was 100, and the x-axis in the plots give results after each “update” batch of 600 mini-batches
(i.e. one epoch over the training data). The training loss and test loss are shown in Figures [2b]
and [2f] showing the evolution of the training loss and test misclassification errors. We dropped
all but SGD, Adam, RMSprop and RM here, since these seemed to dominate the other methods in
our experiments. It is surprising that RM can demonstrate convergence rates that are competitive
with tuned RMSprop, and even outperforms methods like SGD and Adam that are routinely used
in practice. An even more interesting finding is that the solutions found by RM were sparse while
achieving lower test misclassification errors than standard deep learning methods. In particular, in
the fully connected case, the final solution produced by RM zeroed out 32%, 26% and 63% of the
parameter matrices (from the input to the output layer) respectively. For the convolutional case, RM
zeroed out 29%, 27%, 28% and 43% of the parameter matrices respectively. Regarding run times,
we observed that our Tensorflow implementation of RM was only 7% slower than RMSProp on the
convolutional architecture, but 85% slower in the fully connected case.

4 Related Work

There are several works that consider using regret minimization to solve offline optimization problems.
Once stochastic gradient descent was connected to regret minimization in [5]], a series of papers
followed [29, 28},134]]. Two popular approaches are currently Adagrad [7]] and traditional stochastic
gradient descent. The theme of simplifying the loss is very common: it appears in batch gradient and
incremental gradient approaches [26] as the majorization-minimization family of algorithms. In the



regret minimization literature, the idea of simplifying the class of losses by choosing a minimizer
from a particular family of functions first appeared in [41], and has since been further developed.

By contrast, the history of using games for optimization has a much shorter history. It has been shown
that a game between people can be used to solve optimal coloring [[19]. There is also a history of
using regret minimization in games: of interest is [42]] that decomposes a single agent into multiple
agents, providing some inspiration for this paper. In the context of deep networks, a paper of interest
connects brain processes to prediction markets [1]. However, the closest work appears to be the
recent manuscript [2] that also poses the optimization of a deep network as a game. Although the
games described there are similar, unlike [2], we focus on differentiable activation functions, and
define agents with different information and motivations. Importantly, [2] does not characterize all
the Nash equilibria in the game proposed. We discuss these issues in more detail in Appendix [J|

5 Conclusion

We have investigated a reduction of deep learning to game playing that allowed a bijection between
KKT points and Nash equilibria. One of the novel algorithms considered for supervised learning,
regret matching, appears to provide a competitive alternative that has the additional benefit of
achieving sparsity without unduly sacrificing speed or accuracy. It will be interesting to investigate
alternative training heuristics for deep games, and whether similar successes can be achieved on
larger deep models or recurrent models.
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A Proofs for Section 2| (One-layer Case)

We assume that ¢ is convex and differentiable in its first argument.

Fact 6 (OLP Optimality) Since each {; in the definition of L is convex and differentiable, L is convex
and differentiable, and a necessary and sufficient condition for 0* € argming L(0) is VL(0*) =0
[4, Equation 4.22]

For the one-layer learning game, OLG, given the simple structure of the utility functions the Nash
equilibria are easy to characterize.

Lemma 7 (OLG Nash Equilibrium) The joint action o = (0, {as,b:}) is a Nash equilibrium of
the OLG if and only if {;(0x;) = af 0x; + by, ay = VIi(g) (antagonist best response), and

T-! Zthl azx; = 0 (protagonist best response).

g=0x

Proof: We prove a Nash equilibrium satisfies the two conditions; the converse is similar. The first
condition is easiest: since for any g € R™, ¢,(g) > a/ g + by, £(0x,) = a; 02, + b, represents
the highest possible utility for the antagonist. Define z; = 6x;. However, since ¢; is convex and
differentiable everywhere, there is exactly one affine function that equals ¢; at a point and is less than
or equal everywhere else, namely i(g) = V{4 (2¢)(g — 2¢) + Le(2t). Thus, ap = V(9] ,—g,, -
Insofar as the protagonist is concerned, given a strategy ay, b; for the adversary, the protagonist’s
utility is affine. Specifically, it is U? = —T~! Zthl(at)Tth + b;. Taking the gradient with respect
to 6 yields —7~! ZZ;I a;x/ , and setting it to zero guarantees that the protagonist is playing a best
response. L]

Lemma 8 For a protagonist action 0, given the best response of the antagonist, VoUP = —V L(0).

Proof (of Theorem[I): (1) From the conditions stated in Lemma [7| we must have L(f) =
T, a/ 0z, + by and a; = Vi(g)|,—¢., by antagonist best response. By protagonist

best response, 7! Zthl atzy = 0, so T~! Zthl VE(9)] j=pe, x] = 0. Since VL(§) =

T-1 Zthl VE(9)] y=os, x], VL(6) = 0, and therefore by [4, Equation 4.22], 6 is a minimum.

(2) If VL(#*) = 0 then ZtT:lVLt(H*) = 0. Since L(6*) = £:(6*x¢), then VL (6*) =
(V€i(9)|y—ges, )/ - Define a; = Vli(g)|,_g.,,» and by = £;(6*x;) — a/ 0%z, such that the
antagonist is playing a best response to 6*. Notice that:

0= VL") 2
T

=T VL6 (3)
t=1
T

=T (V9] yegea, ) “
t=1
T

=71 Z atx;r (%)
t=1

Thus, 6* is also a best response, so (6*, {a¢, b; }) is an equilibrium. [

For the constrained version of the one-layer neural network, we will temporarily assume that the
constraint set © is a polytope. (The set of allowable constraints will be generalized throughout the
remainder of the appendix, but linear constraints allow for a simple exposition to start.) Since a
polytope is an intersection of a finite set of half-spaces, we can define such a © using a set J of affine
functions, where 6 € O iff for all j € J, j(0) <O0.

To characterize the solutions of the constrained problem, we use the KKT conditions.

Fact 9 (OCP Optimality) Since each ¢, in the definition of L is convex and differentiable, L is convex
and differentiable, so necessary and sufficient conditions for 6* € argmingco L(6) is that there exist
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{nj}jes suchthatforall j € J, puj > 0, pu;j(0%) =0, j(0*) < 0, and: 3, 5 p1;§(0%) = =V L(0").
[4 p. 244].

Lemma 10 (OCG Nash Equilibrium) The joint action o = (0, {as, b }) is a Nash equilibrium of
the OLG if and only if ¢;(0x;) = a] 0xy + by, a; = Vi, (9)|y=p, (antagonist best response), and
there exist {p;}jey such that forall j € J, pj > 0, p1;5(0) = 0, j(0) <0, and >, ; p1;§(0%) =

7! Zthl azx/] (protagonist best response).

Proof: The antagonist best response proof is nearly identical to the proof of Lemma The
protagonist best response leverages that the gradient of UP with respect to §* is —7"~* ZZ;I azx],
and then leverages the KKT conditions for a maximum value. Since U? is an affine function with
respect to 6, a point satisfying the KKT conditions is a global maximum (Fact[9), implying it is a best
response for the protagonist. Again, we leave proving the converse as an exercise. ]

Proof (of Theorem[2): (1) Using the same argument as the proof of (1) in Theorem[T} we can argue
that VL(0*) = —VUP, as the antagonist best response constraints are the same as before. Using the
protagonist best response constraints, we get that there exist {4, } je.s such that for all j € J, u; > 0,

w3 (0°) = 0,§(6%) < 0,and X, 13 (0°) = =T~ S aga] = VU, Thus:

> uj(07) = —VL(0") 6)

JjeJ
Which are the KKT conditions from Fact[9] so 6* is globally optimal.

(2) Assume that 6* is an optimal solution. Using the same argument as the proof of (2) in Theorem|[I]
we construct a; and b; in the exact same way, as the antagonist best response property is the same
as before, and as easily satisfied. This also implies that VL(6*) = —VU?P. Using Factp there
exist {41 }je s such that forall j € J, p; > 0, p;j(0%) = 0, and: 37 ; p;i(0%) = —VL(0*). So,

Y ey Hii(0*) = VUP = =T -1 Zthl asx, . Therefore, the protagonist best response property
holds, and (6*, a4, b;) is a Nash equilibrium. L]

B Groups of Nodes

To handle two important extensions of feedforward neural networks (e.g. convolutional neural
networks (Appendix [H) and nonconvex activation functions (Appendix [I)), we will need to extend the
basic neural network model from the main body of the paper to consider constraints that couple the
parameters defined on different edges. For example, in a convolutional neural network, you may have
two edges e = {u,v} and ¢’ = {u’,v'} where there is a constraint that 6. = 6./ (see Appendix [H).
In game theory, if two agents act simultaneously, it is difficult to have one agent’s viable actions
dependent upon the other agent’s action. Thus, if two parameters are jointly constrained, it is best to
have one agent control both parameters. Therefore, throughout the remainder of the appendix we will
use a generalization of the model described in the body of the paper.

Define a partition P of V' — I, where for each p € P, E, = U,¢,L,. Also define ©, C RPr, and
0= Hpep ©,. An important constraint is that for any p € P, and for any u,v € p, if u < v or
v < u, then u = v. We leave the zannis’ and the adversaries’ action spaces unchanged (i.e., there is
still one zanni per node), but each protagonist controls a partition of nodes. Notice that this is a strict
generalization of the earlier model, because one could always define the discrete partition where each
node is its own partition.

C Best Response and KKT Conditions

In this paper, we must analyze partial problems (related to best response in the game) of the form:

Partial problem at p € P: For an affine function u : RF» — R, find argmax, cq, u(f,).

For each p € P, we will define H, C RE“ and J, C RE“ to be finite sets of continuous,
differentiable functions. Then, we can define ©, to be the set of all 6, € RE» where forall h € H 0>
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h(0,) = 0, and for all j € J,, j(6,) < 0. Before we look at the KKT conditions for the partial
problem, we define two variations of constraint qualification:

1. Partial affine constraint qualification: For all p € P, all h € H, are affineand all j € J,
are affine.

2. Partial Slater’s constraint qualification: For all p € P, all h € H, are affine and all
J € J, are convex, and there exists a 6, € ©, where forall j € J,, j(6,) < 0.

One classic constraint is ) |, |0 < 1, a bound on the L1 norm of the parameters of a particular
vertex. This can be written as a set of linear inequalities (i.e. affine functions in J,). Another is
Y e B, (6.)? < 1, a bound on the L2 norm of the parameters of a particular vertex. This can be

written as a convex constraint (i.e. j(6,) = Y. cp (6e)® — 1).

We will define 6, to be a KKT point for a partial problem at p € P if 6, € ©, and there exists
KKT multipliers y; > 0 and A;, € R such that:

= > Vi) + D AVh(e (M

Jj€Jp heH,
p;j(0,) =0forallj e J, (8)
In other words, the gradient points directly out of the feasible ©,.

Theorem 11 /I8 22| 135 4] Given either the partial affine constraint qualification, or the partial
Slater’s constraint qualification, any global minimum is a KKT point, and any KKT point is a global
minimum.

Notice that for the partial problem, we have assumed that the utility is an affine function, otherwise a
KKT point would not necessarily be a global minimum. We will not make the same assumption for
the full problem.

D Deep Learning and KKT Conditions

Now we will switch and consider the deep learning problem. In the deep learning problem, we want to
find a global minimum 6* € ©, such that for all @ € ©, L(0*) < L(0). This global minimum does
not necessarily exist, nor is it necessarily unique. We can also define a distance function over R,
where forall 6,6 € ©, d(0,0) = (3 .c(0(e) — 0(e))?) '/2 Define N C © to be a neighborhood

of @ if there exists an 7 > 0 such that for all § € ©, d(6,0) < r. 6 is a local minimum if there exists
a neighborhood N of 6 such that for all § € N, L() < L(6). Notice that a global minimum is a
local minimum.

We will define § € R to be a KKT point if § € © and there exists KKT multipliers x; > 0 and
An € R such that:

—VLO) = 1;Vi0) + Y A Vh(0) 9)
jeJ heH
w;j(0) =0forall j € J (10

In other words, the opposite of the gradient points directly out of the feasible © (this is a minimization
problem, not a maximization problem). The KKT conditions explore properties for a point § € ©
that are necessary (but not sufficient) for it to be a local minimum of some function L. They specify
O by giving a set of constraints which must hold for all § € ©.

For all p € P, define I, : R¥ — R¥» such that for all § € R¥, foralle € E,, (I1,(0)). = 6.. We
can define H = {J, cp{h o, }ren, and J = {J e p{j o II,}je,. Note that a point 6 € R%isin
© =[] ,cp Oy if and only if, forall o € H, h(f) = 0, and for all j € J, j(f) < 0.

1. Full affine constraint qualification: For all p € P, all h € H are affine and all j € J are
affine.

2. Full Slater’s Constraint Qualification: For H, J, for all § € ©, all h € H are affine, all
Jj € J are convex, and there exists a § € © where for all j € J, j(6) < 0.
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Theorem 12 [I8 22| 35]]Given the full affine constraint qualification or the full Slater’s constraint
qualification, any local minimum (and thus, the global minimum) is a KKT point.

The converse is not true. For example, saddle points can be KKT points as well.
Lemma 13 The partial affine constraint qualification implies the full affine constraint qualification.

Proof: Forany p € P, if f : R®» — R is an affine function, then f o II, is an affine function.
Thus, for all p € P, forall h € H,, h oIl is an affine function, so all h € H are affine. Similiarly,
all j € J are affine. [ ]

Lemma 14 The partial Slater’s Constraint Qualification implies the full Slater’s constraint qualifi-
cation.

Proof: As in the proof of Lemma since H, is a set of affine functions, H is a set of affine
functions. For each p € P, there exists a 6, € ©, where for all j € J,, j(8,) < 0. If we define
6 € R¥ such that for all p € P, I1,(0) = 0,, then for all j € J, j(#) < 0. Finally, for every p € P,
for every j € J),, since j is convex and II,, is linear, j o 11, is convex. ]

E A Simultaneous Move Game

At a high level, in a simultaneous move game[40] there is:

1. aset of players N
2. aset (finite or infinite) of actions for each player ;. A joint action set ¥ = [,y 2.

3. autility function for each player u; : X — R.

For any i € N, define ¥_; = HjeN\Z. Y;. Given a € X, we can write o_; € X_; where for all
j € N\i, (6_;); = ;. Thus, foro_; € ¥_; and 0; € %;, we can define o_; o 0; € X, where
(0_;00;); =0; and forany j € N\i, (0_; 00;); = (0-;);.

A strategy o} € ¥; is abest response to o_; € 3X_; if forall o; € &;, u;(6_;007F) > u;(0_; 0 o).
A strategy o; € 3J; is also called a best response to a € X if it is a best response to o_;. A joint
action a* € X is a Nash equilibrium if for all ¢ € N, o is a best response to o ,.

F Reasonable Actions, Nash Equilibria

Given a joint action for the deep learning game a = (0, {a;, b}, {quvt,dv}), and some v €
V, if f, is convex and differentiable, define the zanni at v to be reasonable for a if for all ¢ €
{1...TH que = [ (X wyer ce(w,0)0(u, ), and fu (3. (4. 0)er et (w, 0)0(u,v))) = dos +
qw(zu:(u,v)eE c(u, 0)6(u, v)). In other words, the values and the derivatives of f,, and d,, ; + ¢y 1
match for the activation energies present in the graph.

If the loss [ is convex and partially differentiable in the first term, then the adversary is reasonable if
forallt € {1...T}, a/ ci(0,0) + by = l;(ci(0,0)) and ay = Vii(2)]

z=c¢(0,0)"

It is straightforward to think about strong induction over a partially ordered finite set.

Fact 15 Given a finite set S, a partial ordering < over S, and a set X C S, then if forall s’ € S,
{§efS:s<s}CX=s€X,thenX =S5.

Note that in strong induction, the base case is just a case s € S where {s' € §: s’ < s} =10.
Lemma 16 Assume that for all v € V, f, is convex and differentiable. Assume < is the partial
order generated by the directed acyclic graph in the deep network. For any v € V, given a joint

action a = (0, {as, bt },{qu.t, dv1}) where for all uw < v, the zanni at u is reasonable for a, then
Ug,(a) = ci(v,0).
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Proof: Define U C V to be the set of all vertices u € V where u < v. Define R C U to be the set
of nodes v where U}, (a) = ¢:(v, #). We can use the partial order of the graph as a partial order over
U to prove recursively that R = U.

Then, we can prove by strong recursion on this total order that U;,(a) = ¢;(u, 8) if for all v’ < u,
Uss(a) =c (v, 0).

1. For any u € I (i.e. the base case), U, (a) = dy ¢ + qu.t(2¢.4), and since the zanni at v is
reasonable, dy ¢ + Gui(Te0) = fo(Tiw) = c(u, 0

2. Forany u € U\I (i.e. the inductive case), forall (u', u) € E, v’ <u,s0Uy,(a) = cy(u',0),
and thus Uy, (a) = dut 4+ qu,t (X, wer e (v, 9)9( w)) Since the zanni is w is reason-

able’ du,t + qv,t(zu’:(u’,u)GE Ct(u 70)9( )) f (Eu’ (v’ ,u)EE Ct(u 79)9(11’ 7u)) =
c(u, 0).

Lemma 17 Assume that for all v € 'V, f, is convex and differentiable, the loss | is convex and
partially differentiable in the first term, and given a joint action a = (0, {as,b:},{qu ¢, dv1}) where
all zannis and the adversary are reasonable, then for any example t, Ul (a) = l;(c:(0,0)).

Proof: The proof is analogous to the proof of Lemma [16] ]

Lemma 18 Assume that for all v € V, f, is convex and differentiable. Assume < is the partial order
generated by the directed acyclic graph in the deep network. For any v € V, given a joint action
a=(0,{at, b}, {qus,dv+}) where for all u < v (except possibly v), the zanni at u is reasonable,
then unique best response for the zanni at v is to be reasonable.

Proof: Since the zanni knows the example (or equivalently, chooses a different strategy based on
the example), fix a specific example ¢. Define z =z if v € [ or 2 = 3°  , ,yep Uru(2)0(u,v)
otherwise. Then, the utility of the zanni at v is d,, ; + ¢, ¢(z). First, observe that selecting ¢, ., = f,(2)
and d; , = f,(2)— f, (%)= is alegal strategy for the zanni at v: because f, is convex and differentiable,
folz) > fl(2)(x — 2) + fu(2), so by definition f,(z) > d, 1 + guv¢(x). Since for any legal strategy
for the zanni at v, f,(2) > dy+ + guv,+(2), then this strategy maximizes utility for the zanni at v,
because f,(z) = dy+ + quv,:(2). Moreover, since f,, is convex and differentiable, this affine function,
which is equal to f, at z and less than or equal to f, everywhere else, is unique. Finally, note
thatif v € I, z = x4,, and if v ¢ I, from Lemma 16} we know that for all {u : (u,v) € E},

Uiu(@) = ci(u,0), 50 2 =3, yem ct(u, 0)0(u, v). [

Thus, any time all the zannis are playing a best response, they are reasonable, and vice-versa. To
complete the story, we consider the adversary.

Lemma 19 Assume that for all v € 'V, f, is convex and differentiable, the loss | is convex and
partially differentiable in the first term, and given a joint action a = (0, {as, b+ },{quv ¢, dv 1 }) where
all zannis are reasonable, then the unique best response for the adversary is to be reasonable.

Proof: The proof is analogous to Lemma ]

The above lemmas state that it is easy to determine and reason about the best responses of the
adversary and the zanni. Now, we go deeper into the analysis to reason about the protagonist.

Lemma 20 Assume that for all v € 'V, f, is convex and differentiable, the loss l is convex and
partially differentiable in the first term, and given a joint action a = (0, {as,b:},{quv ¢, dv 1 }) where
all zannis are reasonable, and the adversary is reasonable, and the protagonists play 0, then if UP is
the utility of the protagonists, then:

VoUP(a) = —VoL(6) (11)
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Proof: First, we break apart U? into U?, where U? is the utility of p conditional on nature selecting
example t.

Ui (a) = ~U{(a) (12)
=—b— Zat,k(Uts(Ok)) (13)
If we can prove VoU} (a) = —Vgl:(ci(0, 0)), the result follows quickly. Taking the partial derivative

above, and relying on the lack of outgoing edges from oy:
oU? (a)

m = —Qkt (14)
Since the adversary is reasonable, ax; = W and:
oU{ (a) _ _alt(ct(079)> (15)
oU§ (or) Oci(og, 0)
oUP(a) _ _ 9ly(0,0)

Define X C V to be the set of all v € V such that AU (a) = " Dei(v.0)" We consider the partial

order < over the vertices V' in the deep network generated by the directed acyclic graph of the deep
network: however we apply induction on the opposite partial order C. We have shown O C X above.
We recursively show X O V\O below.

For some v € V\O, we want to show v € X, and we assume that for all w € V where u C v, u € X.
Notice that:

oU? (a) oU? (a)
= ev ulu, 16
i) EGE et 50 (a) (16
Since (v,u) € E,u € V,u C v, and u # v, so by the inductive hypothesis:

oU? (a Al (ct(0,0))
97) 'LL U, 17
U ( p> Y 0cy(u,0) a7

u:(v,u)EE

Because a has a reasonable zanni atall uw € V, g, , = f, (Zu,:(u,)u)EE 0w u)ep (', 9)):

a[Jtp(a) — _ Z 91},qu< Z e(ul7 u)ct(u/, 9)) alt(ct(07 9)) (18)

6Utv (a) u:(v,u)EE u':(u ,u)EE Oey (U, 0)
6U£D(a) . _8lt(ct(0, 9)) (19)
ou;,(a) Oct(v,0)
Now we know forall v € V, gg{gfg =— alé(cf‘(io(;(;)). We can now consider, for any (u,v) € F, the
partial derivative with respect to 6(u, v):
oU? (a) oU? (a)
— v US 20
09(u,v)  OU;, (a) @1 Uru(2) 20
ou? ol 0
t (a) _ t(Ct(07 )) v,tUisu(a) (21)

0(u,v)  Bcr(v,0)

Because the zannis are reasonable, qu.t = f,(X_ 1.1 v)ep (W v)er (', 0)) and Uy, = ¢ (u, 0):

OUY(a) _ Oli(ci(0.6)) el
o R e fv(u/:(%we(u,wcxu,9>)ct<u,0> @)
Since ct(v,0) = fo (Zu/:(u',u)eE 0w, v)e (v, 6)), ?9601((5,’5)) —

f/ (Z (v w)EE g(ulvv)ct(ulag))ct(u,e),henCe
oUf(a)  Oly(ci(0,0)) Oce(v,0)

=— 2
99 (u,v) Oc(v,0)  06(u,v) 3)
P
8Ut (a) _ _6lt(Ct(O, 0)) (24)
99 (u,v) 00 (u,v)
Averaging across examples yields the result. ]
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For the deep network graph, define P(u, v) to be the set of all paths from u to v, and for any path p,
define |p| to be the number of nodes in the path. Thus, for all p € P(u,v), p1 = v and p|,| = v. The
following lemma establishes the partial derivative with respect to 6(u, v). The key point of the lemma
is that if (u,v), (u/,v") € E,, then the partial derivative of §(u, v) does not depend upon 6(u', v"),
and therefore if we restrict ourselves to modifying the weights in 6, U is affine.

Lemma 21
T n [p|—1
oUP(a 1 s
aa(u U = 7? Z Z Utu(a)qt,p‘p‘akt H a(pjvpj+1)qt,pj (25)
t=1 k=1peP(v,05) j=1
Proof: Notice that:
oUP(a 8Up(a)
U; v 26
90(u,v) Z e (26)
Thus, the problem can be reduced to proving recursively, starting from O:
n [p|—-1
oUP(a) 1
i@~ T d>oane >, IT 0wspias,. 27)
k= pEP(’U,Ok) j:1

To clarify the decisions of the protagonists, for each p € P, define U}, : RF» — R such that
Ug}a(ep) is the utility of the protagonist at p if she unilaterally deviates from a to play 6,.

Lemma 22 U? , is an affine function.

Proof: Fix a specific a = (0, {a, b+ }, {quv+, dv+}). We can define a, : ©, — X such that for any
fecoO pral,(0 ) is the same as a except the action of the protagonist at p is replaced by 6. So:

UL a(0) = UP(al, () (28)
This tortured nomenclature allows us to say, for any (u,v) € E,:

UL (0) _ oU?(a|,(d))

pa) 9T (29)
00 (v 00 (,v)
From Lemma[2]]
T n [p|—1
oUP(a 1
# ZZ Z qt p|p| Akt H 9 pjapj+1)Qt Dj (30)
80(“ v) f:l k=1 pEP(v,01) j=1

Thus, the function U7, is differentiable everywhere. Moreover, consider Uz, (al,(0)). Notice v € p.
Ug, is the output of node u: thus, since for all u’ € p\{v}, v’ £ v, then neither u nor any ancestor is
in p. So, U}, is unaffected by changing 6,,. More specifically, U}, (al,(¢)) = U, (a). So:

~ n [p|—1
OUP(al,(0) 1
7( = E E E a)qi p,, Okt H 0(pjs Pj+1)Gtp; (3D
( ) t: GP Pok) ] 1

So, the partial derivative is a function only of a, not 6. A function with a constant partial derivative
along every coordinate is affine. |

We now prove a more general version of Lemma 3]

Lemma 23 Given a fixed protagonist action 0, there exists a unique joint action for all agents
o = (0,{at, b}, {qut, dvt}) (the joint action expansion) where the zannis and the antagonist are
playing best responses to o. Moreover, UP(c) = —L(6), VoUP(0) = —VL(0), and given some
protagonist at p € P, if we hold all other agents’ strategies fixed, UP (o) is an affine function of the
strategy of the protagonist at p.
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Proof: Most of the insights are in Lemmas and Lemma[22] We know from above that
everyone will be reasonable in the joint action expansion. We just have to carefully construct it
to prove that it exists and is unique. Consider a parameter § € O, and an arbitrary joint action
a’ = (0,{as, b}, {qu.s, dy . }). First of all, given the partial ordering < over V/, consider C to be a
linear extension of <, such that we construct v ... vy, where vy, C vg4 1. Define a” such that a* is
equal to a*~1, except that the zanni at v* plays a best response to a*~!. Finally, a* will be equal
to alV'l except that the adversary plays a best response. We prove recursively that each time a best
response needs to be taken by a zanni, it exists and is reasonable, by Lemma@ Thus, all the zannis
are reasonable in alV'l, thus a best response for the antagonist exists and is reasonable in Lemma
Therefore, there does exist some joint action a* when all zannis and the adversary are playing a best
response. We can then prove that this is unique, again by using Lemma[I8|and Lemma [I9] guarantee
that the reasonable action is a unique best response, and the reasonable action depends only upon 6.

Now, we have established that the joint action extension exists and is unique. We now want to prove
the other properties described in Lemma 23]

Because the adversary is reasonable, by definition, for all ¢ a; ¢;(0,6) + b; = l;(c¢(0,0)) and
ar = Vi (2)] )- Because the zannis are reasonable, for all ¢, for all 0 € O, ¢;(0,0) = U5y (a).

z=c¢(0,0

Thus, by the definition of the utility of the antagonist:
Uf(a) =bi+ ) awls,(a) (32)

k=1
Ul(a) = by + Z agece(0,0) (33)

k=1
Uta (a) = lt(Ct (O7 9)) (34)
Therefore, averaging over ¢, U%(a) = L(). By Lemma[20| V,U?"*(a) = —V4L(0). Finally, from
Lemma 22} every protagonist faces an affine utility function if she unilaterally deviates. ]
Proof (of Lemma[3): Lemmal[3|is a special case of Lemma L]

Lemma 24 Assume that for all v € 'V, f, is convex and differentiable, the loss 1 is convex and
partially differentiable in the first term, and given a joint action a = (0,{at,b},{qut,dvt})
where all zannis are reasonable, and the adversary is reasonable, then if the joint action 0 for the
protagonists is a KKT point, then the protagonists actions are a best response to a, and a is a Nash
equilibrium.

Proof: To prove that this is a Nash equilibrium, we need to show that for each p € P, the protagonist
at p is playing a best response (all zannis and adversaries are reasonable, so they are playing a best
response). In other words, we need to show that, if we considered U?(a), as a function of the values
of § on (u,v) € E,, then the current 6 in a is a global maximum. We do this in two steps.

1. We translate the KKT conditions for full problem with L to KKT conditions for a partial

problem on U7, the utility function for the protagonist at v deviating.

2. Because U? , is affine, the KKT conditions for a maximum imply a global maximum (see
Theorem L.

As we established in Lemma 20
VoUP(a) = —VyL(6) (35)

Then, the KKT conditions on the loss imply that there exist KKT multipliers u; , and Ay, such that:

—VLO) =Y 1, Vi0) + > > M, Vh(0) (36)

pEP jEd, peP heH,
Ljpj(@) =0forallpe PjeJ, 37)
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Substituting equation [35}
VoUP(@) = Y > i Vi) + > D A, Vh(0) (38)
pEP jEJ, peEP heH,
Wi pj(@) =0forallpe P jeJ, 39)

These are the necessary KKT conditions for 6 to be a local maximum. But it is not sufficient. Choose
a particular p € P. Define 0, € ©, to be the action of the protagonist at p in 6. Now, if we restrict
this to the dimensions in £, only the constraints in .J, and H,, will vary, so:

Vo, UP(a) = > 11,Vi(0) + > Mn,Vh(0) (40)
j€d, heH,
Wi pj(0) =0forall j € J, (41)
We can replace UP(a) with U? o For the strategy 6, that is a part of 6, we get:
Vo, Upa(b)p) = Z 15,0V 35(0,) + Z An,pVh(0)) (42)
J€J, heH,
1 pj(8,) = 0forall j € J, (43)

These are the KKT conditions for 6, to be a local maximum of U} , in ©,,. Therefore, the protagonist
at p cannot gain by deviating. Now, by Lemma we know Ul , is affine, and so if the KKT
conditions for a local maximum are satisfied, so are the KKT conditions for a global maximum.
Thus, this implies each protagonist cannot unilaterallyﬂ improve on a, and therefore this is a Nash

equilibrium. ]

Theorem 25 Assume that for all v € V, f, is convex and differentiable, the loss | is convex and
partially differentiable in the first term. For every KKT point 6 € ©, there is a Nash equilibrium
where the joint action of the protagonists is 0, and for every Nash equilibrium where the joint action
of the protagonists is 0 € ©, 0 is a KKT point.

Proof: To prove that the Nash equilibrium exists, consider the joint action extension of . This is a
Nash equilibrium by Lemma[24]

To prove the converse, we run the argument of Lemma [24]in reverse. To prove that given a Nash equi-
librium a = (6, {a¢, bt }, {qut, dv+}), 8 is a KKT point, first observe that for any Nash equilibrium,
the zannis and adversaries are reasonable (because they are playing best responses). In other words,
a is the joint action extension of §. Therefore, VoUP(a) = —VyL(0). Because the equilibrium is
an optimal value for the affine function U? ,, the KKT conditions must hold for each protagonist.
Combining the KKT conditions for each protagonist gives KKT conditions for maximizing U” over
©. Since VoUP(a) = —VyL(0), we can translate the KKT conditions for maximizing U? into the
KKT conditions for minimizing L(#). [

Proof (of Theoremd, DLG Nash Equilibrium): This is a variant of Theorem 23] m

G Convexity of Antagonist’s and Zanni’s Strategy Space

This appendix is a side note and thus the notation is mostly disconnected from the rest of the paper.
We do not claim that this is original, but it is important to understand whether antagonists can
minimize regret.

In order to do online convex optimization, we must have a convex strategy space. Suppose you have
a convex, differentiable function f : R™ — R. Consider the set C of all « € R"™, b € R such that for
allz e R", a2+ b < f(2).

We want to prove C'is convex. Due to various technical issues, it is harder than you think.

Lemma 26 For any a € R", if there exists ab € R such that (a,b) € C, then there exists av € R
such that for all ¢ < v, (a,c) € C, and for all ¢ > v, (a,c) ¢ C.

“Notice that in some cases multiple agents could improve on a KKT point. Thus we are proving that this is a
Nash equilibrium, not a strong Nash equilibrium.
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Proof: Since (a,b) € O, forall 2, f(2) > a' z+b. We can define a function g(2) = f(z)— (a2 +
b) > 0 is bounded from below, and therefore has a greatest lower bound ¢g. v = b + ¢. Thus, for all
z € R™, g(z) > q. Therefore, f(z) > a'z4+b+qg=a"z+wvforall z € R

1. Ifc<w,thenforall z € R", f(z) >a'z+b+qg>a'z+c
2. For any ¢ > v, then ¢ — b > ¢, and there exists a z € R™ where ¢ — b > g(z). For this z,
f(z)<a’z+e

Lemma 27 If (a*,b') € C and (a?,b%) € C, then for any \ € [0, 1], there exists some b> € R such
that (A\a' + (1 — X)a?,b3) € C.

Proof: Define g'(2) = (a!)Tz + b! and ¢?(z) = (a?)Tz + b% Consider the function g(z) =
max(g'(2), g?(2)). By definition, for all z € R™, g(2) < f(2).
Now, there are three cases for g(z):

1. forall z € R™, g(2) = g'(2). If this is the case, then a' = a? = Xa! + (1 — \)a?, and
therefore setting b> = b! works.

2. forall z € R", g(2) = g*(z). Same as above.

3. or there exists 2%, 22 € R™ such that g(21) = g'(2!) and g(2?) = ¢?(2?). If this is the
case, then there must exist a 2> where g(z3) = g (2%) = ¢g?(2?). Since g is convex, and
a' and a? are subgradients at 23, then since the set of subgradients at a point is convex,
a* A+ (1 — \)a? is a subgradient at 23, Therefore, set b> = g(2%) — (a' A\ +a?(1— \)) T 2.
Since the new function is below g, it is below f.

Theorem 28 The set C described above is convex.

Proof: Consider an arbitrary (a',b) € C and (a?,b%) € C, and X € [0, 1]. For simplicity, define
a® = Xa' + (1 — \)a®.

From Lemma 27 there exists a b* such that (a®,b*) € C. Thus, from Lemma[26] there exists a v
such that for all ¢ < v, (a®,¢) € C, and for all ¢ > v, (a®,¢) ¢ C. Thus, if \b! + (1 — \)b? < v, we
have proven the theorem.

Let us prove this by contradiction: namely, assume Ab'+(1—\)b? > v. Define € = Ab+(1—X)b*—wv.
Since by definition, sup, ((a®) "z + v) — f(2) = 0, then there must exist some z € R" such that
(@®)Tz+0v) — f(z) > —¢/2.

Now, for this z, a'2+b* < f(2),and so (a')Tz+b! < ((a®) T 2+v)+€/2. Similarly, (a?) T2 +b? <
((a®) Tz + v) + €/2. Thus, we can combine these to show

Mal + (1 =N)a®) Tz + X+ (1= N0 < ((6®) T2 4 v) +¢/2 (44)
By the definition of a3:

(@) T2+ M+ (1 =002 < ((@®) T2+ v) +¢/2 (45)
AL+ (1= M)b% <wv+e/2 (46)

However, we defined € = Ab' + (1 — A\)b? — v, s0 v + € = Ab' + (1 — \)b, a contradiction. [
H Convolutional Neural Networks

Convolutional networks are an extension of the simple feedforward neural network where edge
parameters are tied in a particular manner. In particular, if we consider a convolutional layer
l € L that has a width w;, height h;, and depth d;, the vertices within the layer can be indexed by

19



I={1...w}x{1l...y} x{1...d;}; thatis, an individual vertex in layer [ can be denoted vy ; ; r.
The convolution defined at layer [ also has a window: for instance, a window of 5 x 5 for layer [
means that there is an edge between v;_1 ; j  and vy ;s j/ i if and only if |i — z"| <2and|j—j| <2
Moreover, two edges (vi—1,; j i, V1, ' k/) and (vl 1 1// i ks Vi—a i i o) i E have equal weight
ifandonlyifi —d =" —¢", 5 — 3 = 5" — 5" k= k” and kK’ = k. All of these constraints are
linear equalities and they all occur in the same layer therefore we can partition the vertices by layer
and obtain a valid partitioning, since no vertex is the ancestor of another vertex within the same layer.
Moreover, the equality constraints are all valid for the local linear inequality constraint qualification.
We can also add an L1 or Ly bound on the weights, either by the terminal vertex of the edge or for the
entire layer. Notice that, in practice, instead of having equality constraints between edges, a single
copy of the weights is sufficient.

I Non-Convex Activation Functions

At first glance, it might appear that the restriction to convex activation functions is too severe, in
the sense that it does not include standard (differentiable) activations such as sigmoid and tanh.
However, the ability to partition vertices and tie weights with linear equalities, as developed above,
allows any activation function that can be expressed as a difference of convex functions to still

be exactly modeled Within our framework. For example, note that the sigmoid, o(z) = H%’
and tanh(z) = i: T ~ functions can each be written as a difference of differentiable convex

functions: For the sigmoid we have 0(z) = 0 (z) — 07 (2) for 0 (2) = (2 + 0(2) — logo(2))
and 0~ (z) = 3(z — 0(z) — log o(z)), which are both convex and differentiable. For tanh we have
tanh(z) = 77(2) — 77 (z) for 7 (2) = 207 (22) — % and 77 (2) = 207 (22) + 1 which are also
both convex and differentiable.

In general, at a node v, we can consider any activation function f,, that can be written as a difference
of functions, f, = f,5 — f,~, such that f, and f, are both smooth and convex. In such cases, we can
then simulate the contribution of f,, to the circuit computation by adding two sub-nodes, v and v,
below v, connecting these to v via two new edges (v, v) and (v™,v), and replacing each edge (u,v)
by the pair of edges (u,v™) and (u,v™). Also, we assign the differentiable convex activation f, to
v™T, the differentiable convex activation f, to v~, and replace f, at v with the identity activation

f},(z) = 2. Then to ensure f* and f~ receive the same input, we merely add the parameter tying
constraints 6, ,+y = 0, ,-) for each pair of corresponding incoming edges (u,v") and (u,v™). To
simulate the desired output value, we merely add the constraints that 6(,,+ ,) = 1 and (,,- ,,) = —1
for the parameters on the new edges (v™, v) and (v, v). Denote the modified edge set by E. Then
we have

fo | 00T, 0) fos ( Z ct(u, 0)0(u, v+)) +0(v7,0) fy- ( Z ct(u, 0)0(u, v7)>

w:(u,wt)eE wi(u,w=)EE
= fv+< Z ct(u,G)Q(u,er))—fvf( Z ct(u,G)H(u,v_)) 47)
w:(u,wt)EE wi(u,w)EE
= S (X o) £ (Y o) @)
u:(u,v)EE w:(u,v)EE
_ fU( 3 ct(u,e)o(u,w)). (49)
w:(u,v)EE

Thus, 6(u,v™) in the new graph is just like #(u,v) in the old one. That is, the new circuit output
at node v is the same as the original circuit output at node v, but now the neural network only uses
differentiable convex activations at each vertex.

Another solution that works for any differentiable function is that, instead of trying to make the
zanni maximize the output of the node, have zanni try to “guess” the derivative and the offset.
Specnﬁcally, given z is the input to the activation function f, for example ¢, define ¢;; , = f,(2), and

= fu(2) — f}(2)z, and make the utility of the zanni at v to be 3, (qu,¢ — ;5 ;)* + (duv,e — d}; ;).
As before, reasonable behavior for the zanni is the unique optimal behavior.
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J Discussion of [2]

i

The unpublished manuscript [2] presents a variety of interesting and related ideas. In the “gated game’
and “CoG game” proposed therein, agents similar to our protagonists are introduced at every vertex.
In the gated game, gates are introduced that act as a function of the strategies of the protagonists. In
the CoG game, agents (like zannis) are introduced whose actions are a function of the protagonists’
actions.

However, the game representations proposed here and in [2] are fundamentally different. The utilities
and available information to an agent in a game is crucial in game theory. For instance, Stackelberg
games and simultaneous move games are fundamentally different. In a Stackelberg game, one player
moves first, and the second observes their movement. In a simultaneous move game, both players
must select their strategy independently. For instance, consider a cooperative game, where two
players each get a dollar if they both say “heads” or both say “tails”, but nothing if they say something
different. If one assumes both players move at the same time versus one after the other, these are very
different games. Moreover, there is a difference between an agent that is motivated to take an action,
versus one that is restricted to play a certain action.

The reason that these distinctions are important is that conventional approaches of regret minimization
work in the game developed in this paper but not in [2]: here there is no need to define a new type
of regret that is particular to deep networks. Given that a key contribution of this paper is a way
to think about optimization problems, whether the concept corresponds to a conventional notion of
regret or a new notion of regret is quite important. We leverage the technique in [[17] where a game is
played with one agent minimizing regret and the other playing a best response. Such a result is not
magical: in game theory, there is a huge distinction between having a perfect model of your opponent
and prescient knowledge of their actions: the former is still a simultaneous move game, whereas the
latter is a Stackelberg game with different equilibria. If the protagonists use randomness, then their
behavior cannot be predicted perfectly, and [[17] cannot be applied. It is also key that zannis and
adversaries observe the example selected by chance: otherwise, they would not be able to model the
utilities experienced by the protagonist.

A further distinction is the quality of the connection between solution concepts in the learning problem
and the proposed game. in this paper, we show that there is a bijection between Nash equilibria and
“KKT points”. KKT points include both true local minima as well as some saddle points. Thus, this
is a more thorough understanding than the one-way implication in [2] about potential games, that
local minima of the potential function are pure Nash equilibria. Since we are viewing the game as
a window into the minimization, not being able to account for all Nash equilibria is a limitation.
Moreover, it is hard to rectify this issue in [2f], since there is no standard equivalent to KKT points for
non-differentiable, non-convex functions.

An exact potential game is a game where the utilities are equal. [2] makes references to potential
games: “Moreover, simple algorithms such as fictitious play and regret-matching converge to Nash
equilibria in potential games,” yet the given references have results for two player potential games
with a finite number of actions [16, [14]]. For the gated game, it is unclear whether these results
would extend, especially given the complex nature of the loss functions introduced. It is an open
question whether regret minimizers in multiplayer (i.e., more than two) potential games converge
to a Nash equilibrium, and whether those results hold for more complex strategy spaces. Moreover,
for the purposes of the games in this paper, it is important to understand if convergence results hold
for games where only a subset of the agents have utilities that are equal, but one can make strong
statements about the behaviors of the other agents.

In this paper, we have focused on deep networks with differentiable activation functions and losses.
To deal with issues in non-differentiable activation functions, [2]] introduces gated games, but these
mean that the games are not in a standard form. The gates are sometimes considered to be dependent
upon the agent’s behaviors (as in when the game is considered as a potential game) and sometimes the
gates are considered to be independent of the agent’s behaviors (as when minimizing regret); this is
partially justified by GRegret, but not the nuances introduced. There are unsupported statements, such
as that minimizing regret guarantees correlated equilibrium (it is actually minimizing internal regret
guarantees correlated equilibria, not external regret, and GRegret is clearly more closely associated
with GRegret). Thus, one cannot use convergence results about games with a finite number of actions
without extending said results to the case of gated games.
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