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Lecturer: Mohammad R. Salavatipour Scribe: Kyrylo Shegeda

8.1 Uncapacitated facility location problem (cont’d)

Today we continue working on the UFL problem. Recall the following LP relaxation and its dual from last
lecture:

minimize Y, fiy; + Z” CijTij

subjectto Ty = 1 VjeD,
Yy > wmy; VjeD,ieF,
Tij,yi = 0
maximize Zj vj
subjectto > wi; > fi Vi€,
Vj — Wij < Cij Vi e D,i€F,
Vi, Wij > 0 VjED,iEF.

Last time we proved the following lemma and presented the following algorithm.

Lemma 1 If (z*,y*) and (v*,w*) are optimal solutions for primal and dual problems respectively, then zi; >0
implies ¢;; < vj.

Let (x*,y*) be an optimal solution for the primal LP. For each client j € D we define its first neighborhood
as: N(j) = {i € F | zj; > 0} and second neighborhood as N?(j) = {k € D | 3i € N(j) s.t. xj; > 0}. We
also define C; =}, cijx;; as the cost of serving client j € D in the optimum LP. Our goal is to show that the
following algorithm is a 3-approximation for UFLP.

Rounding Algorithm for UFLP

1. Solve relaxed LP and its dual problem and get their optimal solutions (x*,y*) , (v*, w*)

2.C«+ D

3. K+ 0

4. while C # ¢ do

5. k<« k+1

6. choose ji € C' which minimizes C; + v

7. choose i € N(jx) with probability z};

8. assign j and all unassigned clients in N2(j;,) to i
9. C+ C\{jr} UN(jr)
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First we would like to bound the opening costs of facilities. Consider some arbitrary iteration k of the LP

rounding algorithm. The expected cost of opening a facility at this step is: > fizl, < > fiyi because
1€EN (jk) 1€N (k)

of the LP constraint z;; < y;.

By assigning clients in N2(ji) to the newly opened facility, we ensure that the neighborhoods N (ji.) form a
partition of a subset of the facilities: because no client in the neighborhood of any facility of N(ji) is assigned
after iteration k, no facility of N(jx) is a neighboor of some client j; in a later iterations (I > k). Thus the total
expected cost of opening facilities over all iterations is at most:

> D fwi < fwi
k ieN(x) i€F
which is the first part of primal LP objective function.

Next we bound the connection costs. Let us consider an arbitrary iteration k, and let j = jr and ¢ = 4. The
expected cost of assigning j to a facility is ZieN(j) cijzy; = CF.

Figure 8.1: A representation of neighborhoods

For any other client [ € N2(j) (see Figure 8.1), where | has neighbour facility h € N(j) N N(I), the expected
cost of assigning [ to 7 is at most:

Ch + Ohj + Z Ci]w;»kj =Ch + Chj + C;.
1EN(J)

By Lemma 1 Cy; < vf and Cp; < v} Consequently

Ca <[ +v; +Cf.
Considering the fact that we have selected client j in this iteration because, among all currently unassigned
clients, it has the smallest dual variable v} and the fact that client [ is also unassigned, we know that v; < v;.
Consequently
Ciy < 2v; +Cf.

So the total expected connection costs over all iterations is at most:

> fuwi 3 (20 +C))
i€F jeD
Considering the fact that 3 fiy7+ >~ C7 is the optimum value of the primal LP and ) 2vj is a dual optimum,
= jeD jebD
we're getting that the total expected cost over all iterations is less or equal to 3 times the optimum. Therefore:
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Theorem 1 The LP rounding algorithm for the uncapacitated facility location problem is a 3-approximation
algorithm

Note: It is known that there is no a-approximation algorithm for the metric uncapacitated facility location
problem with a constant o < 1.463 unless each problem in NP has an O(no(10g log ")) time algortihm.

8.2 The k-center problem

Consider the following application. Given a set of cities, with intercity distances specified, pick k cities for
locating warehouses in so as to minimize the maximum distance of a city form its closest warehouse. This
problem is known as the k-center problem.

k-center problem

e Input
- Graph G = (V,E) - complete undirected graph with edge costs ¢;; satisfying the triangle
inequality
- k> 0 is a positive integer
- Let ¥S C V and vertex v € V d(v, S) be a distance from v to a nearest node in S.
e Goal: find S C V, with |S| =k, so as to minimize the max d(v, S).

Geometrically speaking, the goal is to find the centers of k different balls of the same radius that cover all the
points so that the radius is as small as possible.

Let us give a simple greedy algorithm for the k-center problem. Our algorithm first picks a vertex v € V
arbitrarily, and puts it in our set S of cluster centers. Then it makes sense for the next cluster center to be as
far away as possible from all the other cluster centers. Hence, while |S| < k, we repeatedly find a vertex u € V
for which the distance d(u, S) is maximized and add it to S. Once |S| = k, we stop and return S.

Greedy Algorithm for k-center algorithm

. Pick an arbitrary v € V
.S« {v}
while |S| < k do

— d
U ¢ argmax (u,S)

S« SuU{u}

Rl ol e

Figure 8.2: Greedy Algorithm k-center

Theorem 2 The greedy algorithm for k-center problem is a 2-approzimation algorithm.

Proof. Let S* = {cy, ..., c;} denote the optimal solution. Let r* be the optimal radius. This solution partitions
the nodes of V into clusters {V7*,..., V' }, where each point j € V is placed in V;* if it is closest to ¢; among all
of the points in S* (ties are broken arbitrarily).
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Claim: Yu,v € V;* : d(u,v) < 2r*
By the triangle inequality, the distance d(u,v) is at most the sum of d(u,¢;), the distance from u to the
center ¢;, plus d(c;, v), the distance from the center ¢; to v (d(u,v) < d(u,¢;) + d(cj,v)); since d(u, ¢;)
and d(c;, v) are each at most r* the claim follows.

Consider the set S C V of points selected by the greedy algorithm. If one center in S is selected from each cluster
of the optimal solution S*, then every point in V is clearly within 27* of some selected point in S. However,
suppose that the algorithm selects two points within the same cluster. That is, in some iteration, the algorithm
selects a point u € V;*, even though the algorithm had already selected a point v € V;* in an earlier iteration.
Again, the distance between these two points d(u,v) < 2r*. The algorithm selects u in this iteration because
it is currently the furthest from the points already in S. Hence, all points are within a distance of at most
2r* of some center already selected for S. This remains true as the algorithm adds more centers in subsequent

iterations. m
Theorem 3 There is no a-approximation algorithm for the k-center problem for a < 2 unless P = NP.

Proof. Consider the dominating set problem, which is NP-complete. In the dominating set problem, we are
given a graph G = (V, E) and an integer k, and we must decide if there exists a set S C V of size k such
that each vertex is either in S, or adjacent to a vertex in S. Given an instance of the dominating set problem,
we can define an instance of the k-center problem by setting the distance between adjacent vertices to 1, and
nonadjacent vertices to 2: there is a dominating set of size k if and only if the optimal radius for this k-center
instance is 1. Furthermore, any a-approximation algorithm with o < 2 must always produce a solution of radius
1 if such a solution exists, since any solution of radius a < 2 must actually be of radius 1. So such algorithm
would solve the dominating set problem in polytime, which is impossible, unless P = N P. ]

8.3 k-median problem

k-median is an important clustering problem that has similarities to both k-center and facility location problem.
An instance of this problem is similar to k-center: a complete graph G = (V, E) with metric edge costs ¢(e) and
a positive integer k. The difference is in the objective function: now instead of minimazing maximal distance
from nodes to the nearest center (I;’lea‘i( d(v,S)) we're minimizing the sum of distances from nodes to the nearest

open center (min Y d(v,S)).
veV

k-median problem

e Input
- A complete graph G = (V, E) with set of clients D C V and facilities F C V
- ¢;; is the cost of assigning location j to a facility at location ¢ (and this cost function is metric)
- k - the maximal number of facilities we can open.
e Goal: find F’ C F, where |F’| < k, to open, s.t. the assignment cost is minimized: min Y d(j, F’) =
jEN
kmed(F"). "

Without loss of generality, we can assume that |F’| = k. As in the k-center problem, we assume that the
distance matrix is symmetric, satisfies triangle inequality, and has zeros on the diagonal. We present a local
search algorithm for k-median problem with good approximation ratio. For every subset F' C F we use
kmed(F") to denote the cost of the solution if set F” is chosen.
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Local search algorithm

1. Start from an arbitrary F’ with |F'| = k
2. On each iteration see see if swapping a facility in F’ with one in F' — F’ improves the solution
3. Tterate until no single swap yields a better solution

Figure 8.3: Local search algorithm for k-median problem

Theorem 4 If F’ is a local optimum and F* is a global optimum, then kmed(F”") < 5kmed(F™)

Proof. Our proof is based on “Simpler Analyses of Local Search Algorithms for Facility Location” by Gupta
and Tangwongsan (arXiv:0809.255). The proof will focus on constructing a set of special swaps. These swaps
will all be constructed by swapping into the solution location * in F* and swapping out of the solution one
location 4’ in F’. Each i* € S* will participate in exactly one of these k swaps, and each i € F’ will participate
in at most 2 of these k swaps. We will allow the possibility that * = i/, and hence the swap move is degenerate,
but clearly such a “change” would also not improve the objective function of the current solution, even if we
change the corresponding assignment. For any two points i, we use d(i,7) to refer to the distance between
these two points, i.e. ¢;;. Let ¢ : F* — F be a mapping that maps each f* € F™* to the nearest facility in F,

ie. d(f*, o(f*)) <d(f* f) forall f € F'.

Let R C F’ be those that have at most one f* € F* mapped to them. Now we define a set of k pairs of potential
swaps: S = {(v, f*) € R x F*} such that:

1. Vf* € F*, it appears in exactly one pair (v, f*) € S.
2. each node r € R with ¢~1(r) = appears in at most two swaps.

3. each nodr r € R with ¢~!(r) = f* appears only in one swap.

7]
L ]

e-‘:_ A A gk j;/
Z\l/l | m é'l/l m|

Figure 8.4: An example of mapping ¢ : F* — F

How to build this set S? for each r € R with in-degree 1 we add pairs (r,¢~2(r)) to S. Let F; be those of F*
that are matched this way. Other facilities in R have in-degree zero; let us call this set Ry. Note that

[F*\ Fi| < 2|Ro.

Now we can add other pairs by arbitrarily matching each node of Ry with at most two in F*\ Fy.

Observation: For any pair (r, f*) € S and f* € F* with f* £ f: (;S(f*) 7.
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We use the fact that none of these potential swaps (in S) are improving to derive a bound on the cost of
local optimum. Suppose that ¢ : D — F’ and ¢* : D — F* are mappings of clients to facilities in the
local optimum and global optimum, respectively. For each j € D, let O; = d(j,F*) = d(j,0*(j)) be the
cost of connecting j in the optimum solution and A; = d(j, F’) = d(j,0(j)) be its cost in the local optimum.
We use N*(f*) = {jlo*(4) = f*, f* € F*} to denote those assigned to f* in the optimum solution and
N(f)={jlo(j) = f, f € F'} to denote those assigned to f in the local optimum.

Lemma 2 For each swap (r, f*) € S:

kmed(F' + f* —r) —kmed(F') < Y (0;—4;)+ > 20;.
JEN*(f*) JEN(r)

Proof. Suppose we do the swap (r, f*) and let’s see how much the cost increases (note that since we are at a
local optimum, this must be the case). We can upper bound this by giving a specific assignment of clients to
facilities. Clearly the optimum assignment of clients to facilities cannot cost more than this:

e each client of N*(f*) is assigned to f*

e cach client j € N(r) \ N*(f*) is assigned by the following rule: suppose J'c'* — 5(j); we assign j to
f=&(f*). Note that f # r.

e the assignment of all other clients remain unchanged.

For each j € N*(f*) the change in cost is exactly O; — A;; summing this over all j € N*(f*) gives the first
term on the RHS. For j € N(r) \ N*(f*), the change in cost is:

4G, F) —dG,r) < d(G, ) +d(F*, F)— d(j,r) using triangle inequality
< d(j, f*) +d(f*,r) —d(j,r) since f is closest to f*
< d(g, f)+d(g, ) using triangle inequality
= 20;
Thus, summing up the total change for all these clients is at most: ZjeN(T)\N*(f*) 205 < X jene) 205 [ |

Now we use this lemma and sum over all pairs (r, f*) € S. Note that each f* € F* appears exactly once and
each r € R C F’ appears at most twice. Therefore:

> (kmed(F' + f* —r) —kmed(F')) < > Y (0;—-A4;)+2> > 20

(r,f*)€S f*EF* jEN=(f*) r€ERJEN(r)
< cost(F*) — cost(F") + 4cost(F™*)

This implies that cost(F’) < 5cost(F™).
|

Note that the running time of this algorithm is not necessarily polynomial. To get polynomial time algorithm
we only consider swaps which improve the cost by a factor of at least (1 4 §) for some § > 0. So when the
algorithm stops we are in an almost locally optimum solution, i.e. each potential swap can only improve by
a factor of smaller than 1 + §. Then essentially the same analysis shows that the approximation ratio of the
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algorithm is at most 5(1 + ) which is 5 + € for sufficiently small € > 0. If the objective value is M for the
optimum solution then the algorithm takes at most O(log;, s M) steps to arrive at a locally optimum solution
which is polynomial.

Improvment using t-swaps: A similar anaylsis shows that if one considered all t-swaps (instead of just
1-swaps) for a constant value of ¢ at each step then the local search has a ratio of 3 + %

8.4 Generalized Steiner tree problem (Steiner forest)

We now turn to the problem known as generalized Steiner tree problem

Generalized Steiner tree problem

e Input
- An undirected graph G = (V, E).
-Costc: E— Q™.
- Collection of disjoint sets S = {S1,..., Sk}, Si C V.

e Goal: find a minimum cost subgraph of G, s.t. for every i each pair of vertices of S; is connected.

Let us restate the problem; this will also help generalize it later. Define a connectivity requirement function r
that maps unordered pairs of vertices to {0,1} as follows:

(u,v) 1, if u,v belong to the same set .S;
r(u,v) = .
0, otherwise

Now, the problem is to find a minimum cost subgraph that contains a u-v path for each pair (u,v) with
r(u,v) = 1. In general, the solution will be a forest.

Every pair (S, (S)) defines a cut. Let 6(S) be edges of this cut. Let us define a function on all cuts in G,
f:2Y — {0,1}, which specifies the minimum number of edges that must cross each cut in any feasible solution.

1, if Ju € S,v € S where r(u,v) =1

0, otherwise

vs:f(S)z{

Let us also introduce a 0/1 variable z. for each edge e € F;z. will be set to 1 iff e is picked in the subgraph.

The integer LP program is:

Integer LP min > c¢(e) -z,
ecE
st. VS CV: ooxe > f(9)
e€8(S)
z. € {0,1}

By relaxing the integral constraints we obtain the following Primal and the corresponding dual LP:

e Primal:
minimize ) . Cee,
such that VS C V,Zeeé(s) xe > f(5)
ze > 0.
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e Dual:
maximize ngv T(9)ys,
such that Ve € E, Zs:eeé(s) ys < C,
ys > 0.

Say edge e is tight if >~ ys = C.. We use a primal-dual schema for our approximation algorithm. Like other
S:e€d(S)

primal-dual algorithms, iI(l each iteration, we improve the dual solution and make primal solution more feasible.
We start with an infeasible (all zero) primal solution and feasible zero dual solution. We are improving the dual
solution by increasing yg for some S with f(S) = 1 (because if f(S) = 0, we could not improve the objective
function) until a constraint becomes tight. Then, we choose the edges corresponding to the tight constraints
in primal solution and update the dual solution and progress until reaching a feasible primal solution is found.
Let us state the primal and relaxed dual complementary slackness conditions. The algorithm will pick edges
integrally only. Define the degree of set S to be the number of picked edges crossing cut (S, S)

Primal: For eache € E,z. 20= Y. ys = c.. Equivalently, every picked edge must be tight
S:e€d(S)

Relaxed dual conditions: The following relaxation of the dual conditions would have led to a factor 2

algorithm: for each S C Viys # 0 = Y. xz. < 2f(9), i.e., every raised cut has degree at most
e:e€d(s)

2. However, we do not know how to ensure this condition. But we can still obtain a 2-approximation

algorithm by relaxing this conidition further.

Definition 1 Given an assignment of x. and ys values:

o A set S CV is unsatisfied if f(S) =1 and no edges from §(S) are picked.

o A set S CV is active if it’s a minimal (inclusion-wise) unsatisfied set.
Lemma 3 Set S is active iff it is a connected component in the currently picked forest and f(S) = 1.

Proof. Consider an active set S. Suppose that S is a part of a connected component. Then there is at least
one edge in §(5) that is picked. Hence, S would be satisfied which is a contradiction. Thus, S contains more
than 1 connected component. Since f(S) = 1 there’s at least one vertex v in S that needs to be connected
to outside of S. Suppose v belongs to a component C;. Then f(C;) = 1 and C; is unsatisfied which violates
minimality of S. ]

The algorithm for Steiner tree problem is presented below:

Algorithm for generalized Steiner tree problem

CF 0

. ys < 0 for all S

. while there’s unsatisfied set do

simultaneously raise y for each active set .S, until some edge e goes tight.
F + FU{e}

. return F' = {e € F|F — {e} is primal infeasible}

O U W N

Figure 8.5: LP based algorithm for generalized Steiner tree problem
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Figure 8.1 shows a sample run of the algorithm. Suppose we have two disjoint subsets S; = {u,v} and
Sy = {s,t}. At the beginning of the algorithm, {u}, {v}, {s},{t} are four active sets, each of which contains
one vertex only. The algorithm raises their yg values simultaneously, and stops at the value of 6 when edge
ua and bv become tight. One of them, say ua is picked, and the iteration ends. In the second iteration, {u,a}
replaces {u} as an active set and the algorithm finds already tight edge bv. Then algorithm updates active sets
and raise value of their variables, and continues. Figure below shows the final result of running the algorithm.
In this figure, active sets are shown with a closed area containing them and the final value of their variables are
depicted beside the boundary of these closed areas. The bold edges are the edges added to F' in the loop. At
the end, all edges in F' except the redundant edge ua are added to F’ and returned.

Figure 8.1: A sample run of algorithm STEINER-FOREST(G, S).

Lemma 4 The Primal-Dual Steiner forest algorithm (given above) has a polynomial running time.

Proof. First, note that the algorithm can choose at most |V| — 1 edges and terminates after at most |V]| — 1
iterations. It is trivial that there exists an unsatisfied set if and only if there exists a minimal unsatisfied set
(i.e. an active set). Therefore, by finding active sets, we could also check the condition of loop. To find active
sets, by Lemma 3, it is enough to find connected components of G’ = (V, F') and check their f value. Thus,
we could implement the loop in polynomial time. Finally, to find F’, we eliminate all edges which are not in
any path between two vertices from some S;, which could be implemented in polynomial time, too (because
G' = (V, F) is a forest and there is at most one path between two vertices). |

Since the loop terminates when there is not any unsatisfied set, F' is a feasible primal solution. In addition,
third step of the algorithm keeps feasibility. Therefore, this algorithms yields a feasible solution for Steiner
forest problem in polynomial time.

Lemma 5 At the end of the algorithm, the pruned edge set F' and dual variables y are feasible primal and dual
solutions, respectively.

Proof. The algorithm continues until all the sets are satisfied. Therefore set F' (before pruning) is clearly a
feasible primal solution. In each iteration, dual variables of connected components only are raised. Therefore,
no edge running within the same component can go tight, and so F' is acyclyc, i.e., it is a forest. Also, by
definition F” is feasible too. So we have a feasible primal solution. Now we show that the dual is also a feasible
solution. In Step 2 of the algorithm, only edges between two components are raised and whenever a constraint
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becomes tight it will be de-activated (and edge between that component and another is added to the solution;
0 it no longer becomes an active set). Therefore no dual constraint will be violated. ]

Let degp(s) denote the number of edges of F’ crossing the cut (S, S).

Lemma 6 Let C be any connected component (w.r.t currently selected edges) in any iteration of algorithm. If
f(C) =0, then degp:(C) # 1 (i.e. it is either 0 or > 2), where degp: denotes the number of edges from F' that
cross the cut (S,5”).

Proof. If degp/(C) = 1, there exists a unique edge e crossing the cut (5,S"). Consider the pair of vertices u
and v that are connected through a path containing e and r(u,v) = 1. Such a pair should exist otherwise edge e
can be safely removed, which contradicts with non-redundancy of edges in F’. Therefore, e connects one vertex
in C to another vertex in C’. This reaches us to contradiction because having r(u,v) = 1 means that f(C) = 1.
|

Lemma 7 } pce <23 50y Ys

Proof. The algorithm picks an edge when it becomes tight. Considering the primal slackness condition:

zce:z< 3 y>

ecF’! e€F’ \ S:e€d6(S)
So-3( T w)- T
ecF’ SCV \e€d(S)NF’ SCvV

Therefore, we need to prove the following inequality:

Z degp(S).ys <2 Z Ys. (8.1)

SCV SCv

We will show that in each iteration of the algorithm the amount of increase in the right-hand side of the
inequality 8.1 is more than the corresponding increase in the left-hand side. Consider an arbitrary iteration of
the algorithm and let /A be the amount of increase in the yg variables. Since in each iteration only the dual
variables of active sets are increased, we need to show:

A x ( Z degp/(5)> < 2 A -(#of active sets).

active S

Consider the graph, called H, on the same vertex set and edge set as F’. For every set of vertices of a connected
component with respect to F', contract all those vertices in H into one single (big) vertex. Delete isolated
vertices. Call this new graph H'. Note that H’ is a forest and that the degree of each (big) vertex in H' is
the same as the degree of corresponding set of vertices that are contracted. Each vertex of H' that corresponds
to an active set has non-zero degree. By Lemma 1, the degree of every vertex in H' that corresponds to a
non-active set is at least 2. Also, because H' is a forest, its average degree is at most 2. Therefore, the average
degree of nodes of H’ that correspond to active sets is at most 2. |

It follows from the above lemmas that:

Theorem 5 The primal-dual algorithm is a 2-approximation for Steiner forest.
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Tight Example: A cycle with n nodes and connectivity requirement of 1 has an integrality gap of 2 — %;

an optimal fractional solution pickes each edge with fractional value % for a total of n/2 whereas any integer
solution is a path with total cost n — 1.



