Holte, Mkadmi, Zimmer, MacDonald1AI Journal (Revised)Speeding Up Problem Solving by Abstraction:A Graph Oriented ApproachR.C. Holte, T. Mkadmi,Computer Science Dept., University of Ottawa, Ottawa, Ontario, Canada K1N 6N5.holte@csi.uottawa.caR.M. Zimmer,Computer Science Dept., Brunel University, Uxbridge, England, UB8 3PH.Robert.Zimmer@brunel.ac.ukA.J. MacDonaldElectrical Eng. Dept., Brunel University, Uxbridge, England, UB8 3PH.Alan.MacDonald@brunel.ac.ukAbstractThis paper presents a new perspective on the traditional AI task ofproblem solving and the techniques of abstraction and refinement. Thenew perspective is based on the well known, but little exploited, relationbetween problem solving and the task of finding a path in a graphbetween two given nodes. The graph oriented view of abstractionsuggests two new families of abstraction techniques, algebraicabstraction and STAR abstraction. The first is shown to be extremelysensitive to the exact manner in which problems are represented. STARabstraction, by contrast, is very widely applicable and leads to significantspeedup in all our experiments. The reformulation of traditionalrefinement techniques as graph algorithms suggests severalenhancements, including an optimal refinement algorithm, and oneradically new technique: alternating search direction. Experimentscomparing these techniques on a variety of problems show thatalternating opportunism (AltO) a variant of the new technique, isuniformly superior to all the others.1. IntroductionPath-finding, the task of finding the shortest path between two givennodes in a graph, has been studied in computer science (CS) for almostforty years. Theoretical advances are still being made [Cherkassky et al.,1993] and real-world applications abound. For example, there arecommercial products that find routes optimizing the cost or time to drivebetween two locations in a city or country.

Holte, Mkadmi, Zimmer, MacDonald2AI Journal (Revised)Path-finding arises as a subtask in many areas of artificial intelligence(AI). For example, in natural language understanding, lexicaldisambiguation has been partially solved by finding paths between wordsenses in a knowledge-base [Hirst, 1988]. Another example is PROTOS[Porter et al., 1990], a case-based knowledge acquisition and reasoningsystem, that "explains" the differences between two cases’ features byfinding paths connecting them in a conceptual network. Path-finding isalso an integral part of robot motion planning. Although a robot’s state-space and actions are continuous, modern techniques [Donald et al.,1993; Kavraki and Latombe 1993, 1994] for motion planning discretizethe space, use standard CS techniques to find a path in the graph createdby discretization, and then transform the path into a continuous motion.Path-finding is intimately related to the well-studied AI tasks ofproblem solving, planning, and heuristic search. The techniquesdeveloped for these tasks in AI differ from CS path-finding techniques inthree main ways. Firstly, AI techniques extend and speed up the CStechniques by incorporating search control knowledge, such as problem-specific heuristics. Secondly, unlike the CS techniques, the techniquesdeveloped in AI are not always guaranteed to find optimal paths. Theaim in AI is to develop techniques that very quickly find near-optimalpaths.The third difference between AI and CS techniques concerns howgraphs are represented. In CS graphs are typically represented explicitly,for example with an adjacency matrix or with an explicit list ofsuccessors for each node. By contrast, graphs are represented implicitlyin almost all AI research (for exceptions see [Banerji, 1980] and workcited therein). In an implicit representation each node is represented by adescription in some language and its successors are computed byapplying a set of successor functions (operators) to the node’sdescription. In AI the language used to represent nodes and operators isusually a STRIPS-like notation [Fikes and Nilsson, 1971]. A node isdescribed by a set of logical predicates (literals) and an operator isdescribed by a precondition. A precondition is a set of literals a nodemust satisfy in order for the operator to be applicable to it, together withlists specifying which literals the operator adds to and/or deletes from thenode’s description when applied.The speedup afforded by AI techniques would be welcome in anyapplication currently using CS techniques. For example, in [Donald et al,1988] the authors propose to replace their current search technique,breadth first search, by

A∗ [Ηαρτ ετ αλ., 1968].Τηερε αρε τωο οβσταχλεσ πρεϖεντινγ ΑΙ τεχηνιθυεσ ϕρομ βεινγ υσεδ τοσπεεδ υπ αππλιχατιονσ χυρρεντλψ υσινγ ΧΣ τεχηνιθυεσ. Τηε ϕιρστ ισ τηατ ιντηεσε αππλιχατιονσ τηε γραπησ αρε ρεπρεσεντεδ εξπλιχιτλψ, ωηερεασ τηε ΑΙτεχηνιθυεσ ρεθυιρε τηε γραπησ το βε ρεπρεσεντεδ ιν τηε ΣΤΡΙΠΣ νοτατιον.Ιν ϕαχτ, τηερε ισ α γενεριχ ωαψ οϕ ενχοδινγ ανψ εξπλιχιτ γραπη ιν τηε Ηολτε, Μκαδμι, Ζιμμερ, ΜαχΔοναλδ3ΑΙ ϑουρναλ (Ρεϖισεδ)ΣΤΡΙΠΣ νοτατιον ωιτη φυστ ονε οπερατορ ανδ τωο πρεδιχατεσ (σεε ϕιγυρε1).

Operator Preconditions Deletes Adds

move node1,node2

( ) at node1( ),

edge_exists node1,node2 ( ) at node1( ) { } at node2( ) { } Φιγ. 1. Γενεριχ ωαψ οϕ ενχοδινγ αν εξπλιχιτ γραπη ιν ΣΤΡΙΠΣ νοτατιον.Τηε ονλψ οτηερ οβσταχλε το σπεεδινγ υπ πατη−ϕινδινγ αππλιχατιονσ βψυσινγ ΑΙ τεχηνιθυεσ ισ τηατ γοοδ σεαρχη χοντρολ κνοωλεδγε ισ νεεδεδ τοδο σο. Ωιτηουτ γοοδ ηευριστιχσ, ϕορ εξαμπλε,

A∗ ισ νο ϕαστερ τηανστανδαρδ ΧΣ τεχηνιθυεσ.Υνϕορτυνατελψ, γοοδ σεαρχη χοντρολ κνοωλεδγε ισ οϕτεν νοτ ρεαδιλψαϖαιλαβλε [Πριεδιτισ, 1993]. Ρεχογνιζινγ τηισ, σομε ΑΙ ρεσεαρχη ηασινϖεστιγατεδ τεχηνιθυεσ το αυτοματιχαλλψ γενερατε σεαρχη χοντρολκνοωλεδγε, ειτηερ βψ λεαρνινγ ϕρομ εξπεριενχε (ε.γ. [Μιντον, 1990]) ορβψ αναλψζινγ τηε δεσχριπτιον ∠ ι.ε. τηε ιμπλιχιτ ρεπρεσεντατιον ∠ οϕ τηεγραπη (ε.γ. [Κορϕ, 1985α], [Ετζιονι, 1993]).Αβστραχτιον ισ τηε μοστ ωιδελψ στυδιεδ αναλψτιχαλ τεχηνιθυε ϕορχρεατινγ σεαρχη χοντρολ κνοωλεδγε. Τηε γενεραλ ιδεα ισ το χρεατε ϕρομ τηεγιϖεν γραπη

G a "simpler" graph ) Gand then uses

)p to guide the search for the path in

G. Various methodsfor using

)p to guide search have been studied; the most common one iscalled refinement.Having dealt with the only obstacles, it would seem that applicationscurrently using CS path-finding techniques could be speeded up simplyby using existing AI abstraction techniques. However, there is oneadditional obstacle that was not initially apparent. Existing abstractiontechniques depend for their success on being given a "good" implicitrepresentation. Consider, for example, ALPINE, a state-of-the-artabstraction system [Knoblock, 1994]. ALPINE can construct usefulabstractions given certain implicit representations for the Towers ofHanoi graph (defined in Appendix A) but fails completely if given otherimplicit representations (e.g. the single-operator representation on p. 295of [Knoblock, 1994]). As it happens, the generic way to encode anexplicit graph in the STRIPS notation is a "bad" representation forALPINE.In this paper we investigate abstraction and refinement as techniquesfor searching explicitly represented graphs. This "graph-oriented"approach to these topics is very different from the "description-oriented"

Holte, Mkadmi, Zimmer, MacDonald4AI Journal (Revised)approach traditionally taken in AI. The main practical motivation fortaking a new approach has been outlined in the preceding paragraphs:there exist important applications, even within AI, with explicitlyrepresented graphs for which there is no known implicit representationthat is "good" for existing abstraction techniques.At the technical level, the main contributions of this paper are newhigh-performance abstraction and refinement techniques. The newabstraction technique, STAR abstraction, is specifically designed forexplicitly represented graphs. Unlike any previous technique STARabstraction is guaranteed to speed up search in a wide range ofcommonly occurring circumstances. Several new refinement techniquesare presented, including one (AltO) that is superior in terms ofrobustness and performance. Although developed by analyzing existingrefinement techniques from the graph-oriented perspective, all therefinement techniques can be applied equally well to explicitly orimplicitly represented graphs. The combination of STAR abstraction andAltO refinement often produces impressive speedup. For example, whenapplied to a road map of Pittsburgh, the "search effort" (defined below)required to find a route between two locations is almost 30 times lessusing STAR/AltO than using breadth-first search. Moverover, the routesfound are within 33% of the optimal length.Because of their robustness, our new techniques also provide a fail-safe backup to existing techniques in the case of graphs that have asuccinct implicit representation and are also sufficiently small that it isfeasible to represent them explicitly. To illustrate this point, consider theBlocks World (defined in Appendix A). In [Bacchus and Kabanza, 1994]it is shown that, in the absence of domain-specific search controlknowledge, both the paper's own planner and SNLP [McAllester andRosenblitt, 1991] suffer from a combinatorial explosion with as few as 6blocks. As there is a standard, succinct, implicit representation for theBlocks World, it is natural to apply ALPINE to this space. Unfortunatelythe standard representation is particularly bad for ALPINE; it producesno abstraction (p. 296, [Knoblock, 1994]). But with 6 blocks the graphcontains only 7057 states and can readily be abstracted and searchedusing our new techniques.In addition to these technical contributions, we feel that, at a moregeneral level, the graph-oriented view of abstraction is itself a researchcontribution. It gives a fresh slant on an old subject which we have foundparticularly fertile. In the graph-oriented view an abstraction is definedby partitioning a graph's nodes, and any partitioning is a legitimateabstraction. This view immediately suggests a host different abstraction(partitioning) techniques. Two are discussed in detail in this paper, butwe have experimented with several others, and our software is written tomake it easy to define new ways of partitioning (abstracting) and tocombine multiple partitioning methods in an arbitrary manner. Likewise,

Holte, Mkadmi, Zimmer, MacDonald5AI Journal (Revised)the graph-oriented view of refinement is simple and thought-provoking.Refinement is any technique for "caching" the results of search in theabstract graph and using them to guide (order or prune) search in theoriginal graph. Described this way, possible refinement methods abound.In this paper alone we introduce edge-path refinement, node-pathrefinement, opportunism, first-successor versus all-successors,alternating direction, and path-marking. It is worth mentioning, althoughit will not be further discussed in this paper, that

A∗ [Ηαρτ ετ αλ., 1968],ΗΠΑ [Ποηλ, 1970], ανδ Γραπη Τραϖερσερ [Δοραν ανδ Μιχηιε, 1966] αρεαλσο μεμβερσ οϕ τηισ βροαδ ϕαμιλψ οϕ ρεϕινεμεντ τεχηνιθυεσ [Ηολτε ετ αλ.,1994, 1995]. Τηισ αβυνδανχε οϕ τεχηνιθυεσ ϕορ αβστραχτιον ανδρεϕινεμεντ ισ υνιθυε ιν τηε λιτερατυρε, ανδ ισ α διρεχτ ρεσυλτ οϕ τηε ϕερτιλιτψοϕ τηε γραπη−οριεντεδ αππροαχη. Ιτ νατυραλλψ λεαδσ το μανψ ιδεασ ανδ, ιναδδιτιον, μακεσ τηεμ σιμπλε το ιμπλεμεντ.Σεχτιον 2 γιϖεσ δεϕινιτιονσ ϕορ προβλεμ−σολϖινγ, αβστραχτιον, ανδρεϕινεμεντ ασ τηεψ τψπιχαλλψ αππεαρ ιν τηε λιτερατυρε. Τηε τεχηνιθυεσδεσχριβεδ ιν τηισ σεχτιον αρε ρεϕερρεδ το ασ χλασσιχαλ, το διστινγυιση τηεμϕρομ τηε νοϖελ τεχηνιθυεσ δεϖελοπεδ ιν σεχτιονσ 4 ανδ 5. Σεχτιον 3 γιϖεστηε γραπη−οριεντεδ χουντερπαρτσ οϕ τηεσε δεϕινιτιονσ. Σεχτιον 4 ιντροδυχεστωο ϖαριατιονσ ον χλασσιχαλ ρεϕινεμεντ, α τεχηνιθυε ϕορ ϕινδινγ τηεοπτιμαλ ρεϕινεμεντ οϕ αν αβστραχτ σολυτιον, ανδ α ραδιχαλλψ νεωτεχηνιθυε, Αλτερνατινγ Σεαρχη Διρεχτιον. Σεχτιον 5 πρεσεντσ τωο νεωϕαμιλιεσ οϕ αβστραχτιον τεχηνιθυεσ, ονε οϕ ωηιχη ισ τηε ∀Αλγεβραιχ∀αβστραχτιονσ. Αλγεβραιχ αβστραχτιονσ ηαϖε χερταιν δεσιραβλε προπερτιεσ, βυταρε σηοων ιν αν εξπεριμενταλ στυδψ το βε ηιγηλψ σενσιτιϖε το τηε ωαψ ινωηιχη α στατε σπαχε ισ δεσχριβεδ: σιμιλαρ δεσχριπτιονσ οϕ τηε σαμε σπαχεχαν λεαδ το ϖερψ διϕϕερεντ περϕορμανχε οϕ τηε αλγεβραιχ αβστραχτιοντεχηνιθυεσ. Τηε δεϖελοπμεντ οϕ α νεω, ροβυστ αβστραχτιον τεχηνιθυεβεγινσ ωιτη αν σιμπλε αναλψσισ οϕ τηε ωορκ ινϖολϖεδ ιν σολϖινγ α προβλεμυσινγ αν αβστραχτιον ηιεραρχηψ. Τηισ αναλψσισ προδυχεσ σπεχιϕιχρεχομμενδατιονσ ωηιχη αρε τηε βασισ ϕορ α νεω αβστραχτιον αλγοριτημ.Τηε νεω αβστραχτιον αλγοριτημ ανδ ρεϕινεμεντ τεχηνιθυεσ αρε εϖαλυατεδεξπεριμενταλλψ ιν σεχτιον 6.1.1 Μετηοδολογιχαλ ΧομμεντσΙν αδδιτιον το τηε μαφορ εξπεριμεντ ιν σεχτιον 6, ϖαριουσ εξπεριμενταλρεσυλτσ αρε ρεπορτεδ τηρουγηουτ σεχτιονσ 4 ανδ 5. Ωιτη τηε εξχεπτιον οϕτηε εξπεριμεντ ιν σεχτιον 5.1, τηε πυρποσε οϕ τηεσε εξπεριμεντσ ισ τοχομπαρε τηε περϕορμανχε οϕ τωο αλγοριτημσ ορ το εξαμινε τηε εϕϕεχτ ονπερϕορμανχε οϕ σομε παρτιχυλαρ παραμετερ. Γενεραλλψ σπεακινγ τηεσεϕολλοω τηε υσυαλ παττερν ϕορ συχη εξπεριμεντσ. Βυτ τηερε αρε σομε ποιντσαβουτ τηειρ εξπεριμενταλ δεσιγν τηατ δεσερϖε χομμεντ.Ωε ϕεελ ιτ ισ ιμπορταντ μετηοδολογιχαλλψ το υσε α διϖερσε σετ οϕ∀δομαινσ∀ ιν ανψ εξπεριμεντ ιν ορδερ το γαιν σομε αππρεχιατιον οϕ τηε Ηολτε, Μκαδμι, Ζιμμερ, ΜαχΔοναλδ6ΑΙ ϑουρναλ (Ρεϖισεδ)γενεραλιτψ οϕ τηε ρεσυλτσ. Τηε γραπησ υσεδ ιν ουρ εξπεριμεντσ αρεδεσχριβεδ ιν Αππενδιξ Α. Τηρεε οϕ τηεσε (Βιτνετ, ΚΛ−2000, ανδ Περμυτε−7) αρε δραων ϕρομ ρεαλ αππλιχατιονσ. Ονε (Ωορδσ) ισ α ρεαλ γραπη τηατ ισνοτ ασσοχιατεδ ωιτη ανψ παρτιχυλαρ αππλιχατιον, ανδ τηρεε (5−πυζζλε,Βλοχκσ−6, ανδ ΤΟΗ−7) αρε βασεδ ον πυζζλεσ. Τηε πυζζλεσ ωερε ινχλυδεδβεχαυσε τηεψ αρε εασιλψ γενερατεδ, χαν βε σχαλεδ το α χονϖενιεντ σιζε, ανδαρε ωιδελψ στυδιεδ ιν ΑΙ. Αν ιντερεστινγ ουτχομε οϕ ουρ εξπεριμεντσ ιστηατ τηεσε ∀τοψ∀ δομαινσ αρε νοτ ανψ εασιερ ϕορ ουρ σψστεμσ τηαν τηε∀ρεαλ∀ ονεσ; ιϕ ανψτηινγ, περϕορμανχε ον τηε ∀τοψ∀ δομαινσ ισ ποορερ τηαναϖεραγε.Ιν τηεσε εξπεριμεντσ τωο περϕορμανχε μεασυρεμεντσ αρε οϕ ιντερεστ:σολυτιον λενγτη ανδ ∀ωορκ∀. Σολυτιον λενγτη ισ οϕ ιντερεστ βεχαυσεαβστραχτιον, ιν χομβινατιον ωιτη ρεϕινεμεντ, ισ νοτ γυαραντεεδ το προδυχεοπτιμαλ σολυτιονσ. Ωορκ ισ ωηατ αβστραχτιον αιμσ το ρεδυχε: τηε πυρποσεοϕ αβστραχτιον ισ το σπεεδ υπ προβλεμ−σολϖινγ. Ωε οριγιναλλψ μεασυρεδωορκ ιν τερμσ οϕ ΧΠΥ τιμε, βυτ τηισ ωασ αβανδονεδ ϕορ τηρεε ρεασονσ:ϕιρστ, βεχαυσε ιτ ωουλδ ηαϖε πρεϖεντεδ υσ ϕρομ εξεχυτινγ τηε εξπεριμεντσον διϕϕερεντ ΧΠΥσ; σεχονδλψ, βεχαυσε ιτ προϖεδ εξτρεμελψ σενσιτιϖε τολοω−λεϖελ προγραμμινγ δεταιλσ οϕ νο σιγνιϕιχανχε το τηε αλγοριτημστηεμσελϖεσ; ανδ ϕιναλλψ, βεχαυσε ουρ ιμπλεμεντατιον ισ δεσιγνεδ ϕορϕλεξιβιλιτψ (ιτ ισ αν εξπεριμενταλ ωορκβενχη). Ιτ ισ ϕαρ ϕρομ βεινγοπτιμαλλψ χοδεδ, ορ εϖεν εθυαλλψ−οπτιμαλλψ χοδεδ ϕορ τηε ϖαριουσ σεαρχητεχηνιθυεσ ωε χομπαρεδ. Ινστεαδ οϕ ΧΠΥ τιμε ωε μεασυρεδ εδγεστραϖερσεδ, ωηιχη ισ χλοσελψ ρελατεδ το τηε τραδιτιοναλ νοδεσ εξπανδεδ.Ωηεν α νοδε ισ εξπανδεδ, αλλ οϕ ιτσ νειγηβουρσ αρε χομπυτεδ.Τραδιτιοναλλψ τηισ χουντσ ασ 1 υνιτ οϕ ωορκ; ουρ μεασυρε χουντσ τηενυμβερ οϕ νειγηβουρσ γενερατεδ.Ιν αδδιτιον το σψστεμσ τηατ ωε παρτιχυλαρλψ ωισηεδ το εϖαλυατε, ωεηαϖε ινχλυδεδ ιν ουρ εξπεριμεντσ σψστεμσ ωηοσε περϕορμανχεσ προϖιδευσεϕυλ ποιντσ οϕ ρεϕερενχε. Τηε χλασσιχαλ ρεϕινεμεντ σψστεμ, ϕορ εξαμπλε,ισ ρεπρεσεντατιϖε οϕ εξιστινγ ρεϕινεμεντ αλγοριτημσ. Τηε οπτιμαλρεϕινεμεντ αλγοριτημ προϖιδεσ α βουνδ ον τηε σολυτιον λενγτησ τηατ χουλδποσσιβλψ βε προδυχεδ βψ σψστεμσ ιν τηε σαμε ϕαμιλψ ασ χλασσιχαλρεϕινεμεντ. Βρεαδτη−ϕιρστ σεαρχη προϖιδεσ τηε οπτιμαλ σολυτιον λενγτη ανδαλσο ισ ρεπρεσεντατιϖε οϕ στανδαρδ ΧΣ τεχηνιθυεσ.Σεχτιον 5 ισ τηε μοστ ιντερεστινγ ϕρομ α μετηοδολογιχαλ ποιντ οϕ ϖιεω.Τηε εξπεριμεντ ιν 5.1 ωασ δεϖισεδ ιν ρεσπονσε το χασυαλ οβσερϖατιονσμαδε δυρινγ τηε υσε οϕ ουρ ϕιρστ σψστεμ, ωηιχη ωασ βασεδ ον αλγεβραιχαβστραχτιον. Χερταιν ϕαιλινγσ οϕ τηε σψστεμ ωερε ατ ϕιρστ δισμισσεδ ασυνλυχκψ αχχιδεντσ, βυτ ωηεν τηεψ περσιστεδ ωε δεχιδεδ α σψστεματιχεξαμινατιον ωασ νεεδεδ. Ωε ιδεντιϕιεδ παρτιχυλαρ ασπεχτσ οϕ τηε σψστεμωε συσπεχτεδ ασ τηε σουρχε οϕ διϕϕιχυλτψ. Τηεσε αρε πρεσεντεδ ιν σεχτιον 5ασ τηε δεϕινινγ χηαραχτεριστιχσ οϕ αλγεβραιχ αβστραχτιονσ βυτ τηεψ start,goal

2, and a solution to problem

start,goal is asequence of operators that maps

start to the

goal. Problem solving isthe task of finding a solution to a given problem. Except for specialclasses of problems, problem solving is a search intensive process.The majority of research on problem solving has used a STRIPS-likenotation [Fikes and Nilsson, 1971] to represent problem spaces, anddefined problem space in terms of this notation as follows: A problemspace is defined as a set of states, a set of operators, and a formallanguage (containing constants, variables, function symbols, predicatesymbols, etc.). A state is a set of sentences in the formal language. Anoperator maps one state to another by adding to or deleting from the setof sentences (i.e. the state) to which it is applied. The preconditions of anoperator, which specify the states to which it may be applied, are statedin the formal language.An abstraction of a problem space

P is a mapping from

P to someother problem space,

)P. It is worthwhile to distinguish three types of1[Knoblock, 1994] assumes the application of an operator to a state produces aunique next state (p.249). [Bacchus and Yang, 1994] defines an operator to be a partialfunction but points out that most systems actually use operator "templates" notoperators (p.68). As we shall see in section 5.1, requiring operators to be functions hasfar reaching consequences: it is expensive to enforce and it makes an abstraction systemextremely sensitive to the exact manner in which a problem space is defined.2Everything in the paper extends readily to the more common definition in whichthere may be multiple goal states (and multiple start states). Holte, Mkadmi, Zimmer, MacDonald8AI Journal (Revised)mappings between problem spaces: embeddings, restrictions, andhomomorphisms3.If an embedding is applied to

P and more besides. The best known embeddingtechniques are dropping operator preconditions and extending the set ofoperators with macro operators. A restriction does the opposite; ifapplied to

P the resulting problem space is embedded in

P. This type ofmapping is not widely studied, but examples may be found in [Fink andYang, 1993] and [Prieditis and Janakiraman, 1992]. A homomorphism isa many-to-one mapping from

P to

)P that "preserves behaviour" (anexact definition is given in the next section). [Korf, 1980], [Knoblock,1994], and [Yang and Tenenberg, 1990] use homomorphic mappings ofproblem spaces. Hybrid systems are possible but uncommon. Oneexample, described in [Knoblock et al., 1991a], is PRODIGY with bothEBL (which creates macros and therefore results in an embedding) andALPINE (which is homomorphic). In the literature, the term abstractionis applied equally to all three types of mapping. In this paper we shallrestrict its use to homomorphic mappings. This usage encompasses allthe widely studied modern "abstraction" techniques except for droppingoperator preconditions4.Within the STRIPS framework, abstraction is achieved by removingsymbols from the formal language and from the definitions of theoperators and states. This has several effects, all of which are intended tomake problem solving much faster in the abstract space than in theoriginal space. There are usually many fewer states: two states that differonly in symbols removed from the language are indistinguishable in theabstract space. This reduces the size of the problem space. Someoperators become identities, because all the predicates they add anddelete have been removed from the language: this can reduce thebranching factor in the space. The abstract space will sometimes alsohave a higher density of goal states than the original space. Consider, forexample, an abstract space which contains only two states: assuming thatthere is at least one goal state in the original space, then the abstractspace has a solution density of at least 50%.3There are problem space mappings of other types (such as isomorphisms [Korf,1980]), but the term "abstraction" is not normally applied to these.4All three types of mappings can be treated accurately in a graph-orientedframework. The reason to distinguish them is quite simply because they have verydifferent formal properties. For example, embeddings introduce redundancy whichcauses the so-called "utility problem" (for macro-operators, see [Minton, 1985; Greinerand Jurisica, 1992]; for dropping preconditions, see [Valtorta, 1984; Hansson et al.,1992] where it is proven that this type of embedding cannot speedup A* search). Bycontrast, restrictions and homomorphisms do not introduce redundancy: they havedifficulties of their own, but not a utility problem caused by redundancy. Holte, Mkadmi, Zimmer, MacDonald9AI Journal (Revised)The abstract solution will not usually be a valid solution in theoriginal space. When the symbols removed to create the abstraction aretaken into account, some of the operators in the abstract solution mayhave unfulfilled preconditions and some of the predicates in the finalgoal state may not be established. Nevertheless, there are several waysthat an abstract solution can be used to guide search for a solution in theoriginal space. For example, its length can be used as a heuristic estimateof the distance to the goal [Pearl, 1984; Prieditis and Janakiraman,1993]. Alternatively, its individual steps can be used as a sequence ofsubgoals whose solutions link together to form the final solution[Minsky, 1963; Sacerdoti, 1974; Chakrabarti et al., 1986; Yang andTenenberg, 1990; Knoblock, 1994]. In the latter case, the abstractsolution serves as a skeleton for the final solution. The process of"fleshing this skeleton out", called refinement, involves insertingoperator sequences between the operators in the abstract solution.Refinement is the technique for using abstract solutions that will bediscussed in this paper; elsewhere we have studied the "heuristic" use ofabstract solutions and the relation between the two techniques [Holte etal., 1994, 1995].The following description of the refinement process is based on theaccount in [Knoblock et al., 1991b]. In this section, and in the remainderof the paper, we shall generally denote the abstraction of an object

f in the original spaceto the abstract operator

)f. Thus ϕ − 1 )f( ) ισ τηε σετ οϕ οπερατορσ τηατ ρεϕινε

)f. Now consider refining the abstract solution

)f1L )fn for the problem start,goal

. In outline, the refinement algorithm builds a final solutionby constructing sequences

fi∗ τηατ αρε σπλιχεδ ιν βετωεεν

fi− 1 and

fi.Finally, if necessary, a sequence

fn+1∗ ισ αδδεδ αϕτερ

f^1 ∈ ϕ_{− 1} ) f^1( ). Ιϕ τηε πρεχονδιτιονσοϕ

f1 are satisfied by

s1 itself then

f1∗ ισ τηε ιδεντιτψ (εμπτψ σεθυενχε)ανδ

′s1 = s1. Next, apply

f1 to

′s1 to get s2, increment

i, and repeat thisprocess until the operator sequence

f1∗ f1 f2∗ f2L fn∗ fn has beenconstructed. This sequence maps

s1 (start) to some state

sn+1. The state

sn+1 is guaranteed to be equivalent to the goal state under the abstractionmapping

ϕ, βυτ ιτ μαψ νοτ βε εθυαλ το τηε γοαλ στατε. Ιϕ ιτ ισ νοτ, Ηολτε, Μκαδμι, Ζιμμερ, ΜαχΔοναλδ10ΑΙ ϑουρναλ (Ρεϖισεδ)χονστρυχτ α σεθυενχε

Operator Preconditions Deletes Adds move_small p^1,p^2( )

small_on p^1( ), p^1 ≠ p^2

small_on p^1( )

{ } small_on p2( ) { } move_large p^1,p^2( )

small^{_on p3( ),}

large_on p^1( ), p^1 ≠ p^2, p^1 ≠ p^3, p^2 ≠ p^3

large_on p^1( )

{ } large_on p2( ) { }

Φιγ. 2. Τηε τωο δισκ τοωερσ οϕ Ηανοι προβλεμ.Ιν τηισ προβλεμ τηε

pi are variables which stand for pegs, and specificpegs have the names 1, 2, and 3.Example 1If this problem space is abstracted by deleting predicate

small_on,the operators are as follows:

Holte, Mkadmi, Zimmer, MacDonald11AI Journal (Revised)

Operator Preconditions Deletes Adds move_small p1,p2( ) p1 ≠ p2{ }{ }{ } move_large p1,p2( ) large_on p1( ),

p1 ≠ p2, p1 ≠ p3, p2 ≠ p3 large_on p1( ) { } large_on p2( ) { } Φιγ. 3. Φιρστ αβστραχτιον οϕ τηε τωο δισκ τοωερσ οϕ Ηανοι.Τηε αβστραχτ οπερατορ

move_small is the identity, and

move_large moves the large disk onto any peg.Suppose we wish to use this abstraction to solve the followingproblem:start state:

small_on 1( ),large_on 1( ) { }γοαλ στατε:

small_on 3( ),large_on 3( ) { }.Ωε ϕιρστ αβστραχτ τηε προβλεμ ανδ τηεν ωε σολϖε ιτ. Τηε αβστραχτεδπροβλεμ ισ:σταρτ στατε:

large_on 1( ) { }γοαλ στατε:

large_on 3( ) { }.Συπποσε ωε ϕινδ τηε σηορτεστ αβστραχτ σολυτιον. Τηισ ισ

move_large 1,3( ). Τηισ αβστραχτ σολυτιον ισ ρεϕινεδ ασ ϕολλοωσ το προδυχεουρ ϕιναλ σολυτιον. Σινχε

1

s^{2 to thefinal goal state.}

Holte, Mkadmi, Zimmer, MacDonald12AI Journal (Revised)

f2∗ = move_small 2,3( )Τηε χομπλετε σολυτιον, τηεν, ισ

f1∗ f1 f2∗, ι.ε.,

move_small 1,2( ), move_large 1,3( ), move_small 2,3( ).Εξαμπλε 2Εθυαλλψ, ωε χουλδ ηαϖε αβστραχτεδ τηε σπαχε ιν εξαμπλε 1 βψ δελετινγτηε πρεδιχατε

large_on. This leaves

move_small unchanged while

move_large is abstracted to the identity operator:

Operator Preconditions Deletes Adds move_small p1,p2( ) small_on p1( ), p1 ≠ p2 small_on p1( ) { } small_on p2( ) { } move_large p1,p2( ) small_on p3( ), p1 ≠ p2, p1 ≠ p3, p2 ≠ p3 { }{ } Φιγ. 4. Σεχονδ αβστραχτιον οϕ τηε τωο δισκ τοωερσ οϕ Ηανοι.Τηε σηορτεστ αβστραχτ σολυτιον το ουρ προβλεμ ιν τηισ αβστραχτ σπαχε ισ:

move_small 1,3( )Τηε ρεϕινεμεντ οϕ τηισ σολυτιον προχεεδσ ασ ϕολλοωσ. Τηε ϕιρστ οπερατοριν τηε αβστραχτ σολυτιον ισ διρεχτλψ αππλιχαβλε το τηε σταρτ στατε, σο

f1∗ ιστηε ιδεντιτψ ανδ

′s1 = s1 is the start state. Applying

f1 to

′s1 produces thestate

s2 = small_on 3( ),large_on 1( ) { }.Τηε στατε

s2 is equivalent to the goal state but not equal to it. We nowsearch for a sequence of operators, f^2_{∗ αρε νοτ αλλεθυιϖαλεντ το τηε γοαλ στατε. Φορ εξαμπλε, αϕτερ αππλψινγ τηε ϕιρστ οπερατοροϕ τηε σεθυενχε}

f2∗ ωε αρε ατ στατε

small_on peg2( ),large_on peg1( ) { }.Τηισ ισ νοτ εθυιϖαλεντ, υνδερ τηισ αβστραχτιον μαππινγ, το τηε γοαλ. Τηισισ νοτ περμιττεδ ιν τηε παρτιχυλαρ δεϕινιτιον οϕ ρεϕινεμεντ ωε σηαλλ βευσινγ ιν τηισ παπερ, χαλλεδ μονοτονιχ ρεϕινεμεντ ιν [Βαχχηυσ ανδ Ψανγ,1994]. Ιν μονοτονιχ ρεϕινεμεντ τηε οπερατορσ αδδεδ ιν ρεϕινινγ τηεαβστραχτ σολυτιον μυστ νοτ χηανγε τηε αβστραχτ σολυτιον. Αχχορδινγ το τηισστριχτ δεϕινιτιον, τηε οπερατορ σεθυενχε

f ∗ ισ α ρεϕινεμεντ οϕ

)f ∗ ιϕ ανδονλψ ιϕ τηε αβστραχτιον οϕ

f ∗ ισ εξαχτλψ τηε σαμε σεθυενχε οϕ οπερατορσ ασ

)f ∗. Ιν οτηερ ωορδσ, τηε ονλψ οπερατορσ τηατ χαν βε αδδεδ δυρινγρεϕινεμεντ αρε ονεσ τηατ αρε ιδεντιτιεσ ατ τηε αβστραχτ λεϖελ. Ιν ουρεξαμπλε τηισ μεανσ τηατ ιν f2∗, ετχ., ονλψ

move_large can be used.Restricted in this way, there is no refinement of the abstract solution: itis said to be unrefinable.There are several possible approaches to the problem of unrefinableabstract solutions. Upon encountering an unrefinable step in an abstractsolution one could temporarily relax the definition of refinement (as in"strategy first search" [Georgeff, 1981]). Or one could abandon theabstract solution and return to the abstract space to search for anotherabstract solution. Another alternative, which is shown in [Bacchus andYang, 1994] to be particularly effective, is to construct abstractions insuch a way that refinability is guaranteed (such abstractions are said tohave the downward refinement property). This is the approach we havetaken. The abstract space in Example 1 has the downward refinementproperty.The result of abstraction is another problem space, to which theabstraction process may be applied recursively to create a tower ofsuccessively more abstract problem spaces. This tower is called anabstraction hierarchy. Although many systems truncate this tower, forthe purposes of analysis and exposition, its top is assumed to be thetrivial space consisting of one state and one operator (the identity).

Holte, Mkadmi, Zimmer, MacDonald14AI Journal (Revised)3. A Graph Oriented View of Problem SolvingIn this paper, a graph is a triple

L is a set of edge labels, and

E is a set of edges. Nodes are unlabelled –in fact, we show later in this paper that it is useful to ignore both edgeand node labels. An edge is a triple

n1,n2,l

, where

l is a label, and

n1and

n2 are nodes. The direction of the edge is given by the order of

n1and

n2: edge n1,n2,l leads from

1 (the source) to

n^{2. A node is never counted among its own successors orpredecessors even if there is an edge from the node to itself. Aninvertible graph is a graph in which for every edge}

n1,n2,l

there existsan edge

n2,n1, ′l

. A graph is non-deterministic if there exist two edgeswith the same label and source node and different destination nodes, i.e.,

n,n1,l

and

n,n2,l

; otherwise it is deterministic.An edge-path in a graph is a sequence of edges,

e1e2L ek such that,for all

i such that

1≤ i ≤ k− 1, the destination node of

ei is the sourcenode of

ei+1. The source node of the edge-path

1 2 k is the sourcenode of

n^1n^2L n^{k such that there exists in}

G an edge

ni,ni+1,li

for all

i, 1≤ i ≤ k− 1. Node-path

n1n2L nk haslength

k, source node

n1, and destination node

nk. For every edge-paththere exists a unique node-path, and for every node-path there exists oneor more edge-paths. The term path, in this paper, means node-path, notedge-path.A problem space can be equated with a graph as follows. Each state inthe problem space corresponds to a node in the graph. The labels in thegraph are the names of the operators in the problem space. Each operatorcorresponds to a set of edges, one edge for every state satisfying theoperator's precondition: there is an edge

s1,s2,l if and only if theoperator with name

l maps

s1 to

s2. Because operators are functions,state space graphs are always deterministic. Because a solution to aproblem

start,goal is a sequence of operators it corresponds to anedge-path with source node

start to goal in the state space graph.

Holte, Mkadmi, Zimmer, MacDonald15AI Journal (Revised)3.1 A Graph Oriented View of AbstractionAn abstraction is a mapping from one problem space to another.Having established a correspondence between problem spaces andgraphs, it follows that an abstraction, from a graph oriented perspective,is some sort of mapping from graphs to graphs. In particular, it is agraph homomorphism, defined as follows.A graph homomorphism,

ϕ, ϕρομ ονε γραπη,

G1, to another,

G2, is apair of functions

ϕ n,ϕ e ( ), ωηερε

ϕ n maps nodes in

G1 to nodes in

G2, and

ϕ e maps edges in

1 to edges in

ϕ e e( ) = ϕ n n1( ),ϕ n n2( ), ′l . That is, the image of

l and

′l.The definition of homomorphism imposes a strong constraint on themappings of nodes and edges. For example, if

G1 is connected, then

ϕ ecompletely determines

ϕ n. Moreover, a homomorphism is specified upto label choices just by defining the node mapping,

ϕ n: the mapping ofan edge

n1,n2,l is forced to be an edge in 1

2

ϕ^{e can be extended in exactly oneway to a mapping on paths. The extension works by simplejuxtaposition; that is}

ϕ e e1e2L en ( ) = ϕ e e1( )ϕ e e2( )L ϕ e en( ). Τηε δεϕινιτιονοϕ ηομομορπηισμ ενσυρεσ τηατ τηισ χονστρυχτιον ωορκσ. Α χονσεθυενχεοϕ τηισ χονστρυχτιον ισ τηατ τηε παττερν οϕ χοννεχτιϖιτψ ιν

G1 is, in somesense, preserved, or mirrored, in

G2. The opposite is not true: there canbe paths in

G2 that are not images of

G1. For example, suppose there isan edge

e = n1,n2,l in

G1 for which there is no inverse, i.e. no edgefrom

n2 to

n1. If

n1 and

n2 are mapped to the same node,

n, in

G^{1 isdefined as follows. Every homomorphism,}

ϕ, ϕρομ

G1 to

G2 determines

Holte, Mkadmi, Zimmer, MacDonald16AI Journal (Revised)equivalence relations on both the edge set and node set of

G1 as follows:let

x and

′x be two nodes (or two edges), then we say that

x and

′x are

ϕ−εθυιϖαλεντ ιϕ ϕ x( ) = ϕ ′x( ). Φορ ανψ νοδε (εδγε)

y in

G^{1 such that}

ϕ xi( ) = y, is called the pre-image of

y. The pairof equivalence relations determines a new graph whose nodes are thepre-images of nodes of

G2, and whose edges are the pre-images of edgesof

G2. This new graph is said to be a quotient of

G1. Our abstractionalgorithms work by constructing such quotients. The definition ofhomomorphism is exactly what is needed to make the notion of quotientwell defined.The notion of homomorphism exactly captures the intuitive essence of"abstraction" as a mapping that ignores some features in the originalspace (e.g. the fact that

1 and

G^{1, we are assuming that}

G2 is a quotient of

G1. There are a very large number ofhomomorphisms of any given graph: every different way of partitioningthe nodes is a different homomorphism. Any of these can be used as anabstraction. Not all will speed up search; indeed, identifying whichhomomorphisms are "good" abstractions (in the sense of speeding upsearch) is a central research issue, and is the subject of sections 5 and 6.3.2 A Graph Oriented View of RefinementConsider the refinement of the abstract solution

)f1 )f2L )fn for theproblem

start,goal

. Following the standard definition, a solution istaken to be an operator sequence: in graph oriented terms, a solution isan edge-path. Each

)fi is therefore an edge in the abstract graph;

ϕ e− 1 )fi( )ισ τηε σετ οϕ εδγεσ τηατ αρε μαππεδ το

)fi by the abstraction mapping

′s^{1, that is the source node ofan edge,}

f1, in

ϕ^e_{− 1} ) f^1( ). Ιϕ

s^{1 is itself the source of an edge in}

ϕ e_{− 1} )f1( )τηεν

f1_{∗ ισ τηε εμπτψ σεθυενχε ανδ}

′s1 = s1. The node

s2 is the destinationnode of

f1. This process repeats until a sequence

f1∗ f1 f2∗ f2L fn∗ fn hasbeen constructed. This sequence of edges leads from

s1 to some state

Holte, Mkadmi, Zimmer, MacDonald17AI Journal (Revised)

sn+1 that is guaranteed to be equivalent to the goal state under theabstraction mapping. If

f^1_∗ f^1 f^2_∗ f^2L f^n_∗ f^n f^{n+1}_{∗.Ρεχαλλ τηατ ιν μονοτονιχ ρεϕινεμεντ τηε οπερατορσ αδδεδ ιν ρεϕινινγτηε αβστραχτ σολυτιον μυστ νοτ χηανγε τηε αβστραχτ σολυτιον. Το ϕορχερεϕινεμεντ το βε μονοτονιχ, ονε σιμπλψ ρεστριχτσ τηε σεαρχη τηατχονστρυχτσ}

fi∗ το εξπανδ ονλψ τηοσε νοδεσ τηατ αρε εθυιϖαλεντ το

si, i.e. tothose states that are in

ϕ n− 1 )si( ), τηε πρε−ιμαγε οϕ

)si.4. New Refinement Methods4.1 Minor VariationsFigure 5 shows a typical intermediate situation during refinement inwhich the search constructing

fi∗ ηασ ρεαχηεδ α στατε,

n^{1:is not in a class in the abstract solution.}

n2:is in the same class as

s.

n3:is in a class preceding

)si in the abstract solution.

n4:is in the abstract class that immediately succeeds

)si in theabstract solution and is the destination of an edge labelled

fi.

n5:is in the abstract class that immediately succeeds

)si in theabstract solution and is the destination of an edge whose labelis not

n^{2 is added to the open list to record the fact that it hasbeen reached but its successors have not yet been computed.The refinement algorithm defined in the preceding section processesthe remaining nodes as follows. Nodes like}

n3 are ignored: search neverreturns to an earlier class. This (together with the fact that

n1 is ignored)is what makes the search monotonic. In non-monotonic refinement,nodes like

n3 are processed like nodes of type

n2. A node like

n4 signalsthe completion of the construction of

i∗: ιτ ισ χαλλεδ τηε τερμινατορ οϕτηε σεαρχη ιν n^{4. Nodes of type}

n^{5 are ignored. Although}

n^{5 is in the correct abstractclass (}

)s^{i+1), the edge leading to it from}

s is not in the pre-image of

)fiand therefore is not acceptable in a refinement of the abstract edge-path.A node of type

n6 is ignored: the refinement algorithm proceeds fromone abstract class to the next, never jumping ahead in the sequence.Other ways of processing nodes

n^{4.Consider figure 6 below, illustrating the edge-path refinement of theabstract path}

)f^1 )f^2 )f^{3. Nodes}

s1,

s2, and

s3 are terminators of the searchesin the abstract classes

ϕ n s( ),

ϕ n s1( ), ανδ

ϕ n s2( ) ρεσπεχτιϖελψ. Τηε δασηεδλινεσ ιν τηε ϕιγυρε ινδιχατε εδγεσ ατ τηε ϕροντιερ οϕ τηε σεαρχη: Τηε σεαρχηδοεσ νοτ αχτυαλλψ τραϖερσε τηεσε εδγεσ, βυτ ιτ δοεσ λοοκ ατ τηεμ τοδετερμινε ιϕ τηειρ λαβελσ αρε ιν τηε πρε−ιμαγεσ οϕ τηε χορρεσπονδινγαβστραχτ εδγεσ.σϕ1ϕ2ϕ3σ1σ2σ3Φιγ. 6. Εδγε πατη ρεϕινεμεντ.Ιν τηε ωορστ χασε, νοδε−πατη ρεϕινεμεντ ωιλλ βεηαϖε ιδεντιχαλλψ τοεδγε−πατη ρεϕινεμεντ. Τηισ οχχυρσ ιϕ ρεϕινεμεντ αλωαψσ ηαππενσ το ϕινδνοδεσ οϕ τψπε

n4 before finding nodes of type

n5. This is illustrated infigure 7.sf1s1f2s2f3s3Fig. 7. Node-path refinement is never worse than edge-path refinement.

Holte, Mkadmi, Zimmer, MacDonald20AI Journal (Revised)Edge-path refinement and worst case node-path refinement requireessentially the same search: the only difference is that, in node-pathrefinement, the edges at the frontier of the search are actually traversedwhereas, in edge-path refinement they are only examined to determinetheir labels.In some cases, node-path refinement can do substantially less searchthan edge-path refinement and, at the same time, produce shortersolutions. This will happen if, in node-path refinement, nodes of type

f^{1. It would ignore the edge labelled}

f since this isnot in the pre-image of

)f^{1. Node-path refinement, on the other hand, willfind nodes like}

′s1 irrespective of the labelling of the edges leading tothem.sf1s1¢ s 1

f”f1Fig. 8. Node-path refinement can be better than edge-path refinement.In opportunistic refinement nodes like

n6 are treated like those of type

n4, thereby permitting parts of the abstract solution to be skipped."Opportunities" to skip ahead certainly do arise, although they are muchmore common with some variations of refinement than with others. Asfigure 5 suggests, opportunistic refinement can do less search andproduce shorter solutions than non-opportunistic refinement.In the original refinement algorithm — monotonic, non-opportunistic,edge-path refinement — a node

s might have several successors that are terminators. Variouspolicies for handling this situation are possible. With the first successorpolicy, construction of

fi∗ τερμινατεσ ασ σοον ασ τηε ϕιρστ τερμινατορ ισγενερατεδ, ανδ τηατ νοδε ισ υσεδ ασ τηε σταρτινγ νοδε οϕ τηε σεαρχη τοχονστρυχτ

fi+1∗. Αν αλτερνατιϖε ισ τηε αλλ συχχεσσορσ πολιχψ, ιν ωηιχη τηεσεαρχη το χονστρυχτ

fi+1∗ υσεσ ασ σταρτινγ νοδεσ αλλ τηε συχχεσσορσ οϕ

s thatare terminators (in opportunistic refinement, only the terminators in thefarthest abstract class are used).

Holte, Mkadmi, Zimmer, MacDonald21AI Journal (Revised)Monotonic node-path refinement with the first successor policy willbe referred to as classical refinement. It will be used in all ourexperiments to represent the standard refinement techniques found in theliterature. It should be kept in mind that it is an improvement over allpreviously reported refinement algorithms in that it does node-pathrefinement, not edge-path refinement5.The performance of three of these variations is summarized in Table1. Compared to classical refinement (CR) the all successors policy(CRall) reduces solution length by about 5% and increases work (edgestraversed) by about 5%. Opportunism (CRopp) gives little advantage,although the fact that it differs from CR shows that some opportunitiesare arising that CR is missing. In the search spaces used in thisexperiment in can be shown that no opportunities can possibly arisewhen the all successors policy is used, so the table does not include anentry for this policy in combination with opportunism.Table 1Variations of Classical Refinement6.SearchWorkSolution LengthSpaceCRCRallCRoppCRCRallCRopp5-puzzle13915113930.229.530.0Bitnet3053053057.57.17.5Blocks-630231830214.914.314.9KL-20001642165516448.98.38.8Permute-724226724211.511.311.5TOH-750252548493.586.290.0Words53052751913.712.613.54.2 Optimal RefinementMonotonic refinement is not guaranteed to find the shortestrefinement of a given abstract solution. For example, in figure 9 theshortest refinement is the path

)s^{1 after having reached a node,}

y, in

)s^{2. It is also necessary, in order to5ALPINE is described as doing node-path refinement in [Knoblock, 1991], but isalso included as an example of the general algorithm in [Knoblock et al., 1991b] whichuses edge-path refinement.6Results are averages over 100 problems. Work is measured in "edges traversed".Abstractions were created by the STAR algorithm using Max-Degree with radius 2 andNo-Singletons (see section 5.3).}

Holte, Mkadmi, Zimmer, MacDonald22AI Journal (Revised)construct the segment

x2x3, to return to

)s1 from

)s2. Monotonicrefinement does neither: it discontinues search in

)s1 as soon as it reachesa node in

)s2, and it will not return to

n^{1. In our experiment, optimal refinement(OptR) produced solutions that are about 13% shorter than CR’s. Theprice paid for these shorter paths is increased work: optimal refinementdoes 60% more work than classical refinement. Because no technique forrefining an abstract path can produce shorter solutions than optimalrefinement, the 27% difference between the length of the optimalrefinement and the optimal solution is a penalty incurred by all pathrefinement algorithms. In order to produce shorter solutions, we havedeveloped an extension of path refinement which uses the abstract searchtree, not just the solution path.4.3 Alternating Search DirectionIf search at the abstract level begins at the abstract start state, itcreates a search tree rooted at the abstract start state; the abstract solutionis the unique path in this tree that ends at the abstract goal state. For theclasses in the abstract solution, the distance to the goal is known; thisinformation is not known for any other class in the abstract search tree. Itis precisely this information that is needed by any refinement algorithm.In order to decide how to process a node its type must be known, and todetermine its type one must know the distance from its abstract class tothe abstract goal. Because this information is known only for the classesin the abstract solution, refinement must confine its search to these7Results are averages over 100 problems. Work is measured in "edges traversed".Abstractions were created by the STAR algorithm using max-degree with radius 2 andno-singletons (see section 5.3).}

Holte, Mkadmi, Zimmer, MacDonald24AI Journal (Revised)classes. Nodes in the other classes in the abstract search tree areconsidered to be of type

n1 and are ignored.However, if search at the abstract level is conducted in the oppositedirection, the search tree it creates will be rooted at the abstract goal stateand the information needed by the refinement algorithms will beavailable for all the classes in abstract search tree. In figure 10 the solidedges show the abstract search tree rooted at the goal node, the boldedges indicate the solution, and the numbers in the classes indicate thedistance to the goal.01222233334441goalsn3n2n4n5n6startFig. 10. The 6 nodes types in alternating search direction.Refinement proceeds as usual, forward from the start state. Thedefinitions of the six types of successor nodes are generalized to includenodes in every class in the abstract search tree. A node is type

n1 only ifits abstract class is not in the search tree. A node is type

n2 if thedistance from its class to the goal is the same as the current node (

n^{4,} n 5, and n

6 are definedsimilarly. Using these definitions there are at least as many nodes of eachof types

n

2-

n

6 as with the original definitions. For each type, figure 10shows a typical node that is covered by the new definitions but not bythe original definition.

Holte, Mkadmi, Zimmer, MacDonald25AI Journal (Revised)The number of additional nodes of each type covered by thegeneralized definitions will, of course, depend on the particular graphand abstraction. It can happen that there are no additional nodes of anytype: in this case alternating search direction reduces to ordinaryrefinement. Additional nodes of type

n 3 have no effect on monotonicrefinement, since they are treated the same as

n^{1 nodes. Additional nodesof type}

n2 broaden search. This increases the search effort, but theseadditional nodes also influence subsequent search and the net resultmight be that shorter solutions are found and/or that less search is donein total. Additional nodes of types

n4,

n5, and

n6 will usually reduce thesolution length and the amount of search required for monotonicrefinement.The net effect of alternating search direction on solution length andsearch effort is therefore not certain a priori. It can potentially produceshorter paths than optimal refinement and do less work than classicalrefinement. But improvement of either kind is not guaranteed. Because itis monotonic, alternating search direction, like classical refinement, isnot guaranteed to find the optimal refinement. Consequently, thesolutions it finds might be longer than those found by optimalrefinement. Its broader search, although capable of producing shortersolutions more quickly than classical refinement is equally capable ofleading search astray, increasing both the amount of search and thesolution length.Table 2 includes the results of opportunistic alternating searchdirection (AltO). OptR’s solutions are shorter than AltO’s in three of thespaces, and AltO’s are shorter in the other four. On average, OptR’ssolutions are about 5% longer than AltO’s. AltO is clearly the best ofthese refinement algorithms. It produces the shortest solutions (only 20%longer than the optimal solutions, on average) and does the least work(the same as is done by classical refinement). An additional advantage ofAltO, which is evident in the experimental results in section 6, is that itis less sensitive than the other refinement algorithms to the abstractionhierarchy to which it is applied. This is because the performance of theother algorithms depends on exactly which abstract solution is found:This can change radically with even small changes in the abstractionhierarchy or search method, whereas AltO’s performance depends on theabstract search tree, which is relatively insensitive to small changes inthe abstraction hierarchy and search technique.The alternating search direction technique has been described so far interms of just two levels in the abstraction hierarchy: the original leveland the abstract level immediately above it. In an abstraction hierarchywith several levels, search direction should alternate from one level tothe next. Note that alternating search direction between levels is entirelydifferent from bi-directional search (e.g. [Pohl, 1971; Dillenburg and

Holte, Mkadmi, Zimmer, MacDonald26AI Journal (Revised)Nelson, 1994]). In bi-directional search the search direction within asingle level changes from time to time, but in alternating search directionbetween levels, the search direction in any particular level is fixed. 4.4 SummaryFigure 5 succinctly summarizes the set of decisions one faces indesigning a refinement algorithm: how shall each type of node beprocessed? These choices have not been previously discussed and atleast one of the new variations, node-path refinement, is guaranteed tooutperform the variation (edge-path refinement) used in existingsystems.Optimal refinement is useful for two purposes. The first is scientific:it provides a lower bound on the solution lengths that can be produced byany path refinement technique. When compared to an existing technique,such as classical refinement, this indicates how close the technique is toproducing the best possible solutions. When compared to the optimalsolution length, it summarizes the potential of the entire family of path-refinement techniques.Optimal refinement is also a practical refinement technique, offering abalance between speed and solution length that is different from classicalrefinement. Classical refinement is faster, but produces longer solutionsthan optimal refinement. Intermediate positions are certainly possible:the all successors policy being just one example.By alternating search direction between levels of abstraction, search isbroadened to encompass all classes in the abstract search tree, not justthose on the solution path. While this broadening introduces the risk ofincreasing search effort it also introduces opportunities for findingshorter solutions than optimal refinement and the concomitant reductionin search effort. Experimentally, the benefits have been found tooutweigh the costs. Alternating search direction, in conjunction withopportunism, produces solutions slightly shorter than optimal refinementwhile doing about the same amount of search as classical refinement.The graph oriented approach has been invaluable in developing thesetechniques. However, all of the new refinement techniques work equallywell on explicitly or implicitly represented graphs. For example, node-path refinement simply requires that the solutions be represented as a listof nodes instead of as a list of operators and bindings. Alternating searchdirection requires the search tree to be recorded. If the entire tree is toolarge to fit in memory, the algorithm will work with whatever fragmentof the tree is recorded. Optimal refinement can be based on any shortestpath algorithm, including any of the memory efficient versions of A_{∗(ε.γ.}

IDA

∗ [Κορϕ, 1985β]). Ηολτε, Μκαδμι, Ζιμμερ, ΜαχΔοναλδ27ΑΙ ϑουρναλ (Ρεϖισεδ)5. Νεω Αβστραχτιον Τεχηνιθυεσ5.1 Αλγεβραιχ ΑβστραχτιονΩηεν δεσχριβινγ α προβλεμ σπαχε, ονε νορμαλλψ χηοοσεσ οπερατορναμεσ τηατ αρε μεανινγϕυλ ανδ ωηιχη σπεχιϕψ ενουγη δεταιλ τοχομπλετελψ δεϕινε τηε εϕϕεχτ οϕ εαχη οπερατιον ον ανψ παρτιχυλαρ στατε. Φορεξαμπλε, ιν δεϕινινγ τηε Τοωερσ οϕ Ηανοι πυζζλε ονε μιγητ ναμε ονε οϕτηε οπερατιονσ ασ ∀μοϖε τηε τοπ δισκ ον πεγ1 οντο πεγ2∀. Αλτηουγη τηισναμε δοεσ νοτ εξπλιχιτλψ στατε ωηιχη δισκ το μοϖε, ιτ δοεσ υνιθυελψδετερμινε τηε δισκ το μοϖε ιν ανψ γιϖεν στατε, ανδ, ιν ϕαχτ, ιτ χομπλετελψσπεχιϕιεσ τηε εϕϕεχτ οϕ τηισ οπερατιον.Ασ δεϕινεδ ιν σεχτιον 3.1, αν αβστραχτιον (γραπη ηομομορπηισμ) ισνοτ ρεθυιρεδ το πρεσερϖε ειτηερ τηε δετερμινισμ ορ τηε οπερατορ ναμεσ(εδγε λαβελσ) οϕ τηε ινιτιαλ γραπη. Α γραπη ηομομορπηισμ ισ ϕρεε το λαβελτηε αβστραχτ εδγεσ ιν ανψ μαννερ ωηατσοεϖερ. Ηοωεϖερ, ιτ δοεσ σεεμδεσιραβλε το πρεσερϖε δετερμινισμ ανδ εδγε λαβελσ, ανδ τηερε ισ νοιμμεδιατελψ οβϖιουσ ρεασον ωηψ τηεσε υσεϕυλ προπερτιεσ σηουλδ νοτ βεπρεσερϖεδ. Φορμαλλψ, α γραπη ηομομορπηισμ,

ϕ, οϕ α δετερμινιστιχγραπη

G preserves edge labels and determinism if:•

ϕ e maps edge

s1,s2,l to

ϕ_n s_1( ),ϕ_n s_2( ),l

, and•

ϕ G( ) ισ δετερμινιστιχ.Συχη α ηομομορπηισμ ισ χαλλεδ αν αλγεβραιχ αβστραχτιον. Ιννοχυουσασ τηε αβοϖε τωο προπερτιεσ μαψ σεεμ, τηεψ ιντεραχτ ωιτη εαχη οτηερ, ανδωιτη τηε δεϕινιτιον οϕ ηομομορπηισμ, σο ασ το ηαϖε ϕαρ ρεαχηινγιμπλιχατιονσ. Το σεε τηισ, χονσιδερ τηε σιτυατιον δεπιχτεδ ιν ϕιγυρε 11.ϕϕσ1σ2′ σ 1′ σ 2 ) σ Φιγ. 11. Χονσεθυενχεσ οϕ ασσερτινγ τηατ τωο νοδεσ αρε ιν τηε σαμε αβστραχτ χλασσ.Τηε στατεσ

s1 and

s2 are two states in the original, deterministic graph,and operator

f is applicable to both, mapping

′s1 and s2 to ′s2.The shaded ellipse enclosing

s1 and

s2 indicates that, under

ϕ n, thesetwo states are in the pre-image of the same abstract state

)s. If

ϕ e Holte, Mkadmi, Zimmer, MacDonald28AI Journal (Revised)preserves edge labels then the two edges labelled

f emanating from

)s,and therefore

s1 and

s2 must be mapped by

ϕ n to the same abstract class.Formally, if

ϕ ισ αν αλγεβραιχ αβστραχτιον, τηεν ϕρομ

s1 ≡ s2 it necessarilyfollows that

f s1( ) ≡ f s2( ) ϕορ εϖερψ οπερατορ

f that is applicable to both

p, of states arranged in a circle, with each stateconnected to its immediate neighbour on either side. The space could berepresented with the

p operators "Go To D" (where D identifies thedestination state), or it could be represented with just two operators,"clockwise" and "anticlockwise". With the first representation, theassertion

s1 ≡ s2 has no nontrivial consequences, but with the secondrepresentation, any assertion

s1 ≡ s2 has as consequences all possibleassertions:

s ≡ t, for all states s and t { }8.Τηε σιτυατιον ιν ωηιχη αλλ ποσσιβλε ασσερτιονσ αρε ϕορχεδ ισ χαλλεδ τοταλχολλαπσε βεχαυσε ιτ μεανσ τηατ ιν τηε αβστραχτ σπαχε τηερε ισ ονλψ ονεστατε. Ιν πραχτιχαλ τερμσ, τοταλ ορ ∀νεαρ∀ τοταλ χολλαπσε προδυχεσ αναβστραχτ σπαχε τηατ ισ υσελεσσ, ι.ε. υναβλε το σπεεδ υπ σεαρχη.Ουρ ινιτιαλ αβστραχτιον αλγοριτημσ χρεατεδ αλγεβραιχ αβστραχτιονσ, υσινγα ϖαριετψ οϕ ηευριστιχσ το χηοοσε τηε ασσερτιονσ

s1 ≡ s2 on which to basethe abstraction. In working with these algorithms, we observed that theywere all extremely "representation dependent", in the sense that thequality of the abstractions they created depended critically upon theexact details of the representation they were given for a state space.The practical significance of being highly representation dependenthinges on the prevalence of "natural" representations that cause near totalcollapse. If only highly contrived representations have this effect,representation dependency is an irrelevant concern. On the other hand, ifa large fraction of "natural" representations cause near total collapse,then we will be forced to abandon algebraic abstraction in favour ofsome other, less representation dependent method of abstraction. To8In a cyclic space the number of consequences of s1 ” s2 depends on the greatestcommon divisor (gcd) of the number of states (P) and the distance between s1 and s2 ;all possible assertions are consequences when the gcd is 1. The gcd is 1 in this examplebecause P is prime.

Holte, Mkadmi, Zimmer, MacDonald29AI Journal (Revised)determine if "natural" representations could cause near total collapse weran the following experiment.Experiment DesignA system was implemented that computes the minimum set ofconsequences of a single assertion

s^1 ≡ s^{2 (every state in the space was guaranteed to appear in atleast one of the assertions).Each trial consisted of one run of the system with one representationand one assertion of the form}

s1 ≡ s2. On each trial we measured howmany states were involved in the consequences of

s1 ≡ s2 (such a state issaid to be affected by

s1 ≡ s2), and how many abstract states werecreated. Total collapse corresponds to all the states being affected andone abstract state being created; "near" total collapse corresponds to"most" states being involved and "few" abstract classes being created.The different representations for each of the puzzles are describedbelow. We emphasize that the graphs defined by the differentrepresentations for a puzzle are identical except for labels on the edges,which are based on the operators’ names and the values to which itsparameters are instantiated.Representations of the 5-disk Towers of HanoiTOH-1:

move x,d( ) μοϖεσ δισκ

x in direction

d. For example, move1,clockwise ( ) μοϖεσ τηε σμαλλεστ δισκ χλοχκωισε.ΤΟΗ−2:

d.For example, move1,clockwise ( ) μοϖεσ τηε τοπ δισκ ον πεγ 1οντο πεγ 2.ΤΟΗ−3:

move x,y( ) μοϖεσ α δισκ βετωεεν τηε τωο πεγσ

x and

y, inwhichever direction is permissible.

Holte, Mkadmi, Zimmer, MacDonald30AI Journal (Revised)TOH-4: There are three operators: (a) move the smallest diskclockwise; (b) move the smallest disk anticlockwise; and (c)move a disk other than the smallest (there is at most one suchmove permissible in any state).Representations of the 5-puzzle5PUZ-1: There is a single operator,

move d( ). Τηισ μοϖεσ τηε βλανκιν διρεχτιον

d. The possible directions are

left,

right,

up,and down.5PUZ-2: This is the same as 5PUZ-1 except that the possibledirections are

large exchanges theblank with its largest neighbour. If there are three tilesadjacent to the blank,

medium exchanges the blank with theone that is neither smallest nor largest.5PUZ-4:

go_to row,col ( ) μοϖεσ τηε βλανκ το τηε ποσιτιον σπεχιϕιεδ.ε.γ.

go_to 1,1( ), ιϕ περμιττεδ, ωουλδ μοϖε τηε βλανκ ιντο τηετοπ λεϕτ ποσιτιον.ΟβσερϖατιονσΑσ χαν βε σεεν ϕρομ ταβλε 3, ΤΟΗ−1 ανδ ΤΟΗ−2 προδυχε ϖερψ σιμιλαρρεσυλτσ. Ον ονλψ αβουτ 10% οϕ τηε τριαλσ αρε μορε τηαν 10% οϕ τηε στατεσαϕϕεχτεδ, ανδ ιν ϖιρτυαλλψ αλλ τριαλσ τηερε αρε φυστ τωο στατεσ περ αβστραχτστατε. Τηυσ, τηεσε ρεπρεσεντατιονσ αρε ιδεαλ ϕορ αλγεβραιχ αβστραχτιον.Τηε ρεσυλτσ ϕορ ΤΟΗ−3 ανδ ΤΟΗ−4 αρε σιμιλαρ το ονε ανοτηερ, ανδθυιτε τηε οπποσιτε οϕ τηε ρεσυλτσ ϕορ ΤΟΗ−1 ανδ ΤΟΗ−2. Ιν αλλ βυτ τωοτριαλσ, αλλ στατεσ ωερε αϕϕεχτεδ, ανδ, αλτηουγη τοταλ χολλαπσε νεϖεροχχυρρεδ, ιν μανψ τριαλσ ϖερψ ϕεω αβστραχτ στατεσ ωερε χρεατεδ.Χονσεθυεντλψ, αλγεβραιχ αβστραχτιον ωουλδ ϕαρε ποορλψ ιϕ γιϖεν ονε οϕτηεσε ρεπρεσεντατιονσ ϕορ τηε Τοωερσ οϕ Ηανοι πυζζλε.Ον ονε σιξτη οϕ τηε τριαλσ ωιτη 5ΠΥΖ−1 εϖερψ στατε ωασ αϕϕεχτεδ, βυτμανψ αβστραχτ στατεσ ωερε χρεατεδ ωιτη ϖερψ ϕεω στατεσ ιν εαχη. Ον τηεοτηερ ϕιϖε σιξτησ οϕ τηε τριαλσ ϖερψ ϕεω στατεσ ωερε αϕϕεχτεδ ανδ τηερε ωερε Ηολτε, Μκαδμι, Ζιμμερ, ΜαχΔοναλδ31ΑΙ ϑουρναλ (Ρεϖισεδ)αλωαψσ τωο περ αβστραχτ στατε. Αλγεβραιχ αβστραχτιον ωουλδ ωορκ ωελλωιτη τηισ ρεπρεσεντατιον.Βψ χοντραστ, αλγεβραιχ αβστραχτιον ωουλδ ϕρεθυεντλψ ϕαιλ ιϕ γιϖεν τηε5ΠΥΖ−2 ρεπρεσεντατιον οϕ τηε 5−πυζζλε. Ωιτη 5ΠΥΖ−2 αλλ στατεσ αρεαϕϕεχτεδ ον εϖερψ τριαλ. Τοταλ χολλαπσε οχχυρσ ον ονε τηιρδ οϕ τηε τριαλσ,ανδ ον ανοτηερ τηιρδ οϕ τηε τριαλσ αλλ τηε στατεσ αρε μαππεδ το τωο αβστραχτχλασσεσ.Ταβλε 3Εϕϕεχτ οϕ διϕϕερεντ ρεπρεσεντατιονσ9.ΡεπρεσεντατιονΝυμβερ οϕ αβστραχτστατεσ χρεατεδΝυμβερ οϕ στατεσαϕϕεχτεδΝυμβερ οϕ στατεσ περαβστραχτ στατεΤΟΗ−18.0417.082.04ΤΟΗ−25.7811.582.00ΤΟΗ−37.43242.3380.0ΤΟΗ−413.56242.3339.475ΠΥΖ−122.3265.82.265ΠΥΖ−233.79360.0182.185ΠΥΖ−33.0360.0267.765ΠΥΖ−441.82179.510.1Τηε 5 δισκ Τοωερσ οϕ Ηανοι γραπη ηασ 243 στατεσ.Τηε ϖερσιον οϕ τηε 5−πυζζλε γραπη υσεδ ιν τηισ εξπεριμεντ ηασ 360 στατεσ.5ΠΥΖ−3 ισ εϖεν ωορσε: αλγεβραιχ αβστραχτιον ωουλδ αλωαψσ ϕαιλ ον τηισρεπρεσεντατιον. Αλλ στατεσ αρε αϕϕεχτεδ ον εϖερψ τριαλ. Τηερε αρε τηρεε τριαλσιν ωηιχη εαχη στατε ισ παιρεδ ωιτη ονε οτηερ στατε, βυτ ον αλλ τηε οτηερσ τηερεσυλτ ισ τοταλ χολλαπσε ορ νεαρ τοταλ χολλαπσε (2 αβστραχτ στατεσ).5ΠΥΖ−4 γιϖεσ μιξεδ ρεσυλτσ. Ιν ηαλϕ τηε τριαλσ,

s1 ≡ s2 has noconsequences whatsoever. In the rest, all states are affected but thenumber of abstract states created varies from 5, which is almost totalcollapse, to 180, which means each state is paired up with only one otherstate.DiscussionTwo important points are established by this small experiment. Thefirst is that "natural" representations can render algebraic abstraction9The rightmost column is not the ratio of the two to its left. This column iscomputed by taking the ratio of states to abstract states on each trial and averagingthese over all the trials. This is the "average ratio", i.e. the average number of states perabstract state on each trial. Taking the ratio of column 2 to column 1 gives a differentstatistic, the ratio-of-averages, which can be quite different from the average ratio.

Holte, Mkadmi, Zimmer, MacDonald32AI Journal (Revised)entirely useless. The clearest case of this is TOH-4, a representationdrawn from the literature [Hayes, 1977]. The second point is thatalgebraic abstraction is very sensitive to the exact details of therepresentation, in the sense that it can perform radically differently ontwo representations that are, conceptually, very similar. This isexemplified by 5PUZ-1 and 5PUZ-2.We conclude that, however desirable it might be to preservedeterminism and edge labels, such a requirement renders an abstractionsystem too representation dependent to be useful. The abstractiontechniques considered in the following sections will, in fact, ignorelabels altogether. Consequently, they are perfectly free to consider anygraph homomorphism whatsoever: all restrictions are removed. Thisfreedom permits us to explore the question, what sort of homomorphismsare guaranteed to produce speedup in any graph, without any a prioriconstraints on the nature of the homomorphism.Algebraic abstraction is not the only form of abstraction that suffersfrom representation dependency. Although it is a central concern for allabstraction systems, this issue is rarely mentioned in the abstractionliterature. [Knoblock, 1994]’s "Limitations and future work" section (pp.294-296) is the first clear statement of the issue. The main example thereinvolves three different representations of the Towers of Hanoi puzzle.Two of these give rise to good abstraction hierarchies (having as manylevels as there are disks), but using the third representation, theabstraction system, ALPINE, is unable to create a non-trivial abstraction.As a second example, ALPINE is also unable to generate a non trivialabstraction for the standard representation of the Blocks World (e.g. theone in [Nilsson, 1980]).5.2 Derivation of a New Abstraction AlgorithmIn order to determine what sort of homomorphism will speed upsearch, it is useful to undertake an analysis of the total "work" done inconstructing a solution by refining, through successive levels ofabstraction, an initial solution at the highest level of abstraction (which,being a space with only one node, always has the trivial solution). Weshall number the levels of abstraction from 0 to

λ^{i at level}

i, refinementreplaces each individual node in this solution by a sequence of nodes inlevel

i +1. If the "work" required to do one such replacement is

ω, τηεντηε τοταλ ωορκ ρεθυιρεδ το ρεϕινε τηε σολυτιον ϕρομ λεϖελ

i to level

i +1 is

ωλ i. We define

χ, τηε εξπανσιον ϕαχτορ, το βε

λ i+1 λ i . Thusλ i+1 = χλ i = χ i+1.

Holte, Mkadmi, Zimmer, MacDonald33AI Journal (Revised)The exact values of

ω ανδ

χ δεπενδ ον τηε προβλεμ βεινγ σολϖεδ,τηε λεϖελ οϕ αβστραχτιον, ανδ τηε αβστραχτ στατε τηατ ισ βεινγ ρεϕινεδ. Ιν τηεϕολλοωινγ

ω ανδ

χ στανδ ϕορ τηε ωορστ χασεσ οϕ τηεσε ϖαλυεσ οϖερ αλλπροβλεμσ, λεϖελσ, ανδ στατεσ. Ασσυμινγ τηατ ρεϕινεμεντ ατ εαχη λεϖελ νεεδονλψ βε δονε ονχε (ι.ε. τηατ τηερε ισ νο βαχκτραχκινγ αχροσσ λεϖελσ) τηετοταλ ωορκ δονε το ρεϕινε αν ινιτιαλ τριϖιαλ σολυτιον (ωηοσε λενγτη ισ 1) τοα σολυτιον ιν τηε οριγιναλ σπαχε χαν βε βουνδεδ αβοϖε: χ, βυτ ιτ ισ βουνδεδ αβοϖε βψ

d, the maximum diameter of any abstractstate. The diameter of an abstract state is the maximum distance (lengthof the shortest path) between any two states in that abstract state. Thissubstitution produces:

Total Work≤ ω dii=0α − 1∑.Τηε συμ χαν βε ρεπλαχεδ βψ τηε χλοσεδ ϕορμ ϕορμυλα

dα − 1 ( ) d − 1( ) ωηιχη, βεχαυσε

d ≥ 2, can be replaced by a simple upper bound

dα.ςαριαβλε

α χαν βε ρεπλαχεδ βψ

logc n, which is equal to

lnn( ) lnc( ) ,ωηερε

ln is natural logarithm,

c ≥ 2 and that

c is the same for all abstract states and alllevels. These substitutions produce:

Total Work≤ ωd lnn( ) lnc( ) .Σινχε

xln y is a symmetric function, the value of the right hand sidedoes not change if

d and

n are exchanged, producing the final form ofthe total work formula:

Total Work≤ ωn lnd( ) lnc( ) .Ιγνορινγ τηε

ω τερμ ϕορ α μομεντ, τοταλ ωορκ ισ μινιμιζεδ βψμινιμιζινγ

d and maximizing

c. Unfortunately these two variables are

Holte, Mkadmi, Zimmer, MacDonald34AI Journal (Revised)not independent and reducing one tends to reduce the other, the oppositeof the effect needed to minimize total work. Nevertheless, a heuristic forbuilding good abstractions that follows from this analysis is to fix

c.An important feature of this formula is the fact that, if

d < c, then theterm involving

n will be sublinear (

n raised to a power less than 1). Thisis important because for a wide range of common circumstances anddefinitions of "work" the total work required to solve a problem using ablind search technique, such as breadth first search, without abstractionis at least linear in

n. Therefore, if an abstraction can be created suchthat

d ≤ c is easy: any partitioning of a graph intoconnected components has this property. This sort of partition has theadditional advantage that it is guaranteed to be monotonically refinable.This is because two nodes that are mapped to the same abstract node arein the same class of the partition and, by definition of "connectedcomponent", there must exist a path wholly within that class of thepartition that connects the two nodes.The diameter,

d, will be equal to

c in a connected component if andonly if the component is a single state or a linear chain of states. Thepartitioning algorithm described in the next section has a provision foravoiding single states but not linear chains, so it is not guaranteed toproduce abstractions in which

d < c. But in many of the components itproduces

d < c, and in the others ω ινδεπενδεντ οϕ

n.The first is to build, at the time the abstraction hierarchy is beingconstructed, a routing table storing the shortest paths between every pairof nodes in the same class of the partition. With such a table, refinementis simply table lookup, and

ω ισ τηε ωορκ ινϖολϖεδ ιν ταβλε λοοκυπωηιχη ισ, ατ ωορστ, λογαριτημιχ ιν τηε σιζε οϕ τηε ταβλε. Ιϕ

c is a constant(i.e. independent of

n), then the extra space required for these tables (

n, which is the oneimplemented in our system, also requires

c to be a constant (or at least

Holte, Mkadmi, Zimmer, MacDonald35AI Journal (Revised)very much smaller than

n). The nodes in the same class of the partition,and the edges associated with them, are stored as a graph. Refinement ofa single abstract node involves blindly searching in just one of thesegraphs. If monotonic refinability is guaranteed and one is careful toseparate the edges that lead to nodes outside this graph ("exit edges")from edges that lead to nodes within the graph ("internal edges") then

ωωιλλ βε προπορτιοναλ το τηε νυμβερ οϕ ιντερναλ εδγεσ10 ανδ τηερεϕορεβουνδεδ αβοϖε βψ

n) and "independently" (nobacktracking across levels of abstraction and

ω ισ ινδεπενδεντ οϕ

n)that guarantee "speedup" (total work is sublinear in

n).This analysis differs from the one in [Knoblock, 1990] in severalrespects. Knoblock's

k parameter is identical our

c (and therefore

ω) ισινδεπενδεντ οϕ

n. To satisfy this, it must be possible to partition thegraph into connected components whose size does not depend on

n. Thisproperty holds for a very large set of commonly occurring graphs,including all sparse undirected graphs.10In fact, the current implementation does not make this distinction and is thereforeconsiderably less efficient than it might be. This improvement will be made in a futureimplementation.

Holte, Mkadmi, Zimmer, MacDonald36AI Journal (Revised)5.3 The STAR Abstraction AlgorithmThe preceding analysis provides three specific recommendationsabout how to partition the nodes in a graph so that the resultingabstraction hierarchies will speed up search:•The classes should be connected.•The classes should have small diameter (

d).•The number of nodes in a class

G, a graph,

r ≥ 2, an integer (the radius of abstraction),

noSingletonsAllowed, a boolean indicating if it isunacceptable to have classes that contain only onenode.Produce:

P, a partition (i.e. a set of classes) of the nodes of

G.The STAR Algorithm0.Initially,

P ={ }, ανδ

nodes is the set of all nodes in

G.1.Repeat until

nodes is empty:(a)Select a node,

n = hub or is connected to

hub by a path of length

r orless wholly within

nodes,(c)

nodes ← nodes − newClass,(d)Add

newClass to

P.2.If

noSingletonsAllowed then:Repeat until

P contains no classes containing just one node:(a)Select a class,

singleton, in

n^{2 of}

n^{1, and add}

n1 to the class in

Pcontaining

n2.With this algorithm, there is no guarantee concerning the number ofnodes in each class. It is not unusual to create singleton classes(containing just one node). At the opposite extreme, on rare occasions avery large class is created, containing almost all the nodes in the graph.In the present implementation the only direct control over class size isa post processing step (step 2) to eliminate singleton classes. As can beseen in table 4, the difference in performance between allowing andeliminating singletons is not large except in the Bitnet, Blocks-6, andWords graphs, where eliminating singletons greatly reduces the workrequired for problem solving.Indirect control over class size is possible by the choice of radius andby altering the criterion used to select the hub node in step 1(a). We have

Holte, Mkadmi, Zimmer, MacDonald38AI Journal (Revised)explored two criteria for selecting hubs. The first is to choose the nodehaving the most neighbours in the set

nodes (i.e. not already assigned toa class). This is a greedy way of optimizing

lnd( ) lnc( ) ωηιχη,προϖιδινγ τηε

ω τερμ δοεσ νοτ γροω τοο λαργε, ωιλλ μινιμιζε τηε τοταλωορκ ϕορ προβλεμ σολϖινγ. Αβστραχτιον υσινγ τηισ χριτεριον ισ χαλλεδ μαξ−δεγρεε αβστραχτιον. Ονε ποτεντιαλ δραωβαχκ οϕ μαξ−δεγρεε αβστραχτιον ιστηατ ιτ χαν χρεατε χλασσεσ οϕ ϖερψ διϕϕερεντ σιζεσ, ωιτη ονε χλασσ χονταινινγα λαργε περχενταγε οϕ τηε νοδεσ. Τηε σεχονδ χριτεριον ισ το σελεχτ ηυβσ ατρανδομ. Αβστραχτιον ωιτη τηισ χριτεριον ισ ϕαστερ τηαν μαξ−δεγρεεαβστραχτιον ανδ λεσσ συβφεχτ το τηε δραωβαχκ φυστ μεντιονεδ.Ταβλε 4Εϕϕεχτ οϕ αλλοωινγ σινγλετον χλασσεσ11ΣεαρχηΡεϕινεμεντΩορκΣολυτιον ΛενγτηΣπαχεΤεχηνιθυεΝο ΣινγλετονσΣινγλετονσΝο ΣινγλετονσΣινγλετονσ5−πυζζλεΧΡαλλ17915129.527.9ΑλτΟ13616025.524.4ΒιτνετΧΡαλλ3058047.17.1ΑλτΟ3058057.17.1Βλοχκσ−6ΧΡαλλ31844514.314.0ΑλτΟ29344311.811.9ΚΛ−2000ΧΡαλλ165515498.38.4ΑλτΟ144713058.17.4Περμυτε−7ΧΡαλλ26730511.310.8ΑλτΟ2652827.88.1ΤΟΗ−7ΧΡαλλ52556986.290.1ΑλτΟ50451780.779.3ΩορδσΧΡαλλ52791512.612.3ΑλτΟ52491611.210.7Ρεσυλτσ αρε αϖεραγεσ οϖερ 100 προβλεμσΩορκ ισ μεασυρεδ ιν ∀εδγεσ τραϖερσεδ∀ΧΡαλλ ισ χλασσιχαλ ρεϕινεμεντ ωιτη τηε ∀αλλ συχχεσσορσ∀ πολιχψΑλτΟ ισ αλτερνατινγ σεαρχη διρεχτιον + οππορτυνισμ.Τηε ΣΤΑΡ αλγοριτημ εξπλοιτσ τηε ϕαχτ τηατ τηε γραπη ισ εξπλιχιτλψρεπρεσεντεδ το αχηιεϖε τωο ιμπορταντ αδϖανταγεσ οϖερ εξιστινγαβστραχτιον αλγοριτημσ, ωηιχη αρε αλλ βασεδ ον βασεδ ον ιμπλιχιτ γραπη11Αβστραχτιονσ ωερε χρεατεδ βψ τηε ΣΤΑΡ αλγοριτημ υσινγ μαξ−δεγρεε ωιτη ραδιυσ 2ανδ νο−σινγλετονσ. Ηολτε, Μκαδμι, Ζιμμερ, ΜαχΔοναλδ39ΑΙ ϑουρναλ (Ρεϖισεδ)ρεπρεσεντατιονσ. Φιρστ, ουρ αλγοριτημ χονστρυχτσ αβστραχτ χλασσεσ τηατ αρεστρονγλψ χοννεχτεδ. Τηισ ηασ σεϖεραλ ιμπορταντ χονσεθυενχεσ:∞Αλλ αβστραχτ σολυτιονσ αρε μονοτονιχαλλψ ρεϕιναβλε.∞Εαχη στεπ ιν αν αβστραχτ σολυτιον ισ γυαραντεεδ το βε ρεϕιναβλεωιτηουτ βαχκτραχκινγ αχροσσ λεϖελσ οϕ αβστραχτιον ανδ ωιτηουτβαχκτραχκινγ το ρεδο τηε ρεϕινεμεντσ οϕ εαρλιερ στεπσ ιν τηεσολυτιον.∞Ιν σπαρσε υνδιρεχτεδ γραπησ τηε τοταλ ωορκ ινϖολϖεδ ινρεϕινεμεντ ισ ϖιρτυαλλψ γυαραντεεδ το βε συβλινεαρ (

s^1,s^2 { }, ωασ υσεδ το δεϕινε τωο προβλεμσ οϕ Ηολτε, Μκαδμι, Ζιμμερ, ΜαχΔοναλδ41ΑΙ ϑουρναλ (Ρεϖισεδ)τηε ϕορμ

start,goal

, namely

s1,s2

and

s2,s1

. The same 1000problems were used for every different combination of search techniqueand abstraction parameter settings. All the results shown are averagesover these 1000 problems.Tables 5 and 6 show the solution length and work results using max-degree abstraction. These show that the conclusions in Section 4’scomparison of refinement techniques hold for all small radii. AltO andCR do about the same of work, and OptR does more, sometimes muchmore. CR’s solutions are the longest, about 10% longer than OptR’swhich, in turn, are the same length as AltO’s on average (but about 10%longer than AltO’s when the radius is 2).Table 5Solution length using max-degree abstraction.Radius of Abstraction2345675-puzzleCR29.225.923.724.424.624.9OptR25.123.522.623.923.924.2(20.1)AltO24.023.922.722.822.923.0BitnetCR8.58.38.17.97.97.9OptR8.07.97.97.97.97.9(7.9)AltO8.18.17.97.97.97.9Blocks-6CR22.317.217.216.216.315.3OptR19.516.216.614.814.713.6(13.2)AltO16.215.715.315.515.515.0KL-2000CR15.214.213.112.712.411.9OptR13.412.312.111.711.310.9(10.8)AltO12.912.512.312.012.011.7Permute-7CR12.711.011.09.88.77.5OptR11.610.810.28.57.46.9(6.6)AltO9.28.89.49.28.27.2TOH-7CR978983838382OptR767876737173(67)AltO827876787779WordsCR14.312.711.811.310.610.2OptR12.411.110.810.39.89.4(9.1)AltO11.110.810.810.610.210.0The optimal solution length is shown in brackets.

Holte, Mkadmi, Zimmer, MacDonald42AI Journal (Revised)Table 6Work using max-degree abstractionRadius of Abstraction2345675-puzzleCR233235277292281311OptR286293307330336382(865)AltO203230281282272300BitnetCR6347881813371246774948OptR124917702891441448784969(3209)AltO6548021830379647294958Blocks-6CR68218981466157126464600OptR103822061715289445157255(7973)AltO64418961455141424474681KL-2000CR136325365937699684338580OptR246744608865118551276911623(13247)AltO134524475143635883069026Permute-7CR474705735144035737635OptR10729361515332461479102(7559)AltO474666819180647728664TOH-7CR846734796755782815OptR886860940925926962(3131)AltO764698746753768844WordsCR79515092561525174519518OptR14452552493684251064512389(12002)AltO82814472456541277559815The work done by breadth first search is shown in bracketsWork is measured as the number of edges plus overhead.The choice of radius affects solution length and work in a similarmanner for all the refinement techniques. Solution length steadilydecreases as radius increases. Work increases as radius increases. Whenthe radius of abstraction is sufficiently large, abstraction becomesineffective because all the states are mapped to a few abstract states. Thismeans that an abstract solution will provide very little guidance, if any,and the search techniques will degenerate to breadth first search. Thisdegeneration can be seen in Table 6, where the work of the refinementtechniques is much smaller than the work done by breadth first searchfor the small radii but the same or greater for the large radii (Permute-7

Holte, Mkadmi, Zimmer, MacDonald43AI Journal (Revised)is the most extreme example). The exact radius at which thisdegeneration occurs varies from graph to graph, and depends primarilyon the graph’s diameter (maximum distance between two nodes). All buttwo of the graphs have small diameters (an approximate indication of thediameter is the average optimal solution length in Table 5), andabstraction of the small diameter graphs leads to little or no speedup forthe larger radii.A radius of 2 maximizes the speedup over breadth first search ofevery refinement technique on every graph (except Towers of Hanoi,where a radius of 3 maximizes speedup). However, for this radius CR,and, to a lesser extent, OptR, produce very long solutions. CR’s solutionare 50% longer than optimal, on average, and OptR’s are 32% longer.Since OptR produces the optimal refinement of an abstract solution, onemay conclude that its relatively poor performance when the radius is 2 isan inherent property of the general strategy of using a single abstractsolution to guide search. By contrast, AltO’s solutions are within 20% ofoptimal for all graphs and radii (including a radius of 2) except Permute-7, where its solutions, although much shorter than CR’s or OptR’s, are40% longer than optimal when the radius is 2.When the radius is 2 AltO’s speedup over breadth first search isimpressive, ranging from 4 (5-puzzle, Bitnet, TOH-7) to 16 (Permute-7).The combination of speedup and solution length achieved by AltO for aradius of 2 is not equalled by either of the other refinement techniques.For them to achieve the same solution length, they must do substantiallymore work.Similar patterns occur when abstraction is done using random hubs(Tables 7 and 8). The solutions found by all techniques have increased inlength but CR’s have increased more than OptR’s which, in turn, haveincreased more than AltO’s. Thus random hub abstraction increases thedifference in solution lengths produced by these three algorithms(except, perhaps, for the TOH-7 graph). OptR’s solutions are now 5%longer than AltO’s, and it is now the case for all graphs and all but thelargest radii that the shortest of CR’s solutions is longer than AltO’slongest solution. AltO’s solutions are still within 40% of optimal on allgraphs when the radius is 2.

Holte, Mkadmi, Zimmer, MacDonald44AI Journal (Revised)Table 7Solution length using random-hub abstraction.Radius of Abstraction2345675-puzzleCR31.230.226.025.925.825.1OptR27.725.324.124.625.224.7(20.1)AltO24.424.323.723.223.423.1BitnetCR8.68.58.38.17.97.9OptR8.18.27.97.97.97.9(7.9)AltO8.08.08.07.97.97.9Blocks-6CR32.724.521.420.219.319.6OptR25.722.418.518.118.318.3(13.2)AltO17.618.016.816.516.716.8KL-2000CR18.414.913.713.313.112.4OptR14.713.212.212.212.011.4(10.8)AltO12.813.012.612.612.312.0Permute-7CR16.310.911.210.09.17.5OptR12.910.610.58.87.86.9(6.6)AltO9.28.99.39.28.67.2TOH-7CR94.596.782.487.186.880.5OptR82.577.169.077.575.573.9(67)AltO76.580.177.381.280.978.0WordsCR19.515.412.112.011.611.1OptR15.213.211.210.910.610.2(9.1)AltO11.911.411.010.910.810.5The optimal solution length is shown in brackets.

Holte, Mkadmi, Zimmer, MacDonald45AI Journal (Revised)Table 8Work using random-hub abstractionRadius of Abstraction2345675-puzzleCR267242241251292284OptR343282304332354366(865)AltO225213234242281278BitnetCR476502667177736734664OptR9389201507283943844872(3209)AltO589550687179537674717Blocks-6CR6266231098107611481180OptR8239701587151415491762(7973)AltO5065871115106410881125KL-2000CR119519083489428957735032OptR199335996470697688678624(13247)AltO97317793595398558395332Permute-7CR654822795143431067492OptR93710181540315455298945(7559)AltO557793879174939478286TOH-7CR855797740784833846OptR10179058489429721036(3131)AltO746713745788829889WordsCR76011352246380963298476OptR1109190039957044940710863(12002)AltO67210742178367063068553The work done by breadth first search is shown in bracketsWork is measured as number of edges plus overhead.In terms of "work", the change from max-degree to random hubs hashad the same effect on all the refinement techniques. Work has slightlyincreased on three of the graphs (5-puzzle, Permute-7, and TOH-7) andsubstantially decreased on the others. For two graphs (Blocks-6, KL-2000), radii that previously led to degeneration are no longerproblematic. Consequently, AltO’s speedup over breadth first search isnow even greater than with max-degree abstraction. On four of thegraphs, AltO does at least 13 times less work than breadth first search.AltO’s solution lengths are remarkably insensitive to the manner inwhich hub states are chosen and to the choice of radius (as long as the

Holte, Mkadmi, Zimmer, MacDonald46AI Journal (Revised)radius is not so large as to cause degeneration). By contrast, CR andOptR are sensitive to both these choices: small and large radii must beavoided, as must random-hub selection. The robustness of a refinementtechnique is important because it makes problem solving performanceindependent of the details of the algorithm that constructs the abstractionhierarchy. This is useful because it permits the abstraction algorithm tobe chosen to optimize other factors, such as the speed with which theabstraction is constructed (small radii, with randomly chosen hubs, willtend to optimize this).7. ConclusionsIn this paper we have presented a new perspective on the traditionaltask of problem solving and the techniques of abstraction andrefinement. Our graph oriented approach produced several useful newinsights and spawned improved techniques.The graph oriented perspective led to two new families of abstractiontechnique. One of these, algebraic abstraction, has the desirable propertyof preserving the determinism and edge labels of the original graph.However, it was shown that this property has far reaching consequences:algebraic abstraction is extremely sensitive to the exact manner in whicha problem is represented. The second new family of abstractiontechniques was derived from an analysis of the "work" involved insuccessively refining a solution through multiple levels of abstraction.This analysis produced several specific principles for abstraction thatguarantee speedup over blind search. These principles are easilyexpressed in graph oriented terms and are simple to implement in agraph based system. The STAR abstraction algorithm is one suchimplementation. In all our experiments the amount of work required forproblem-solving was significantly less using STAR abstraction thanusing breadth-first search.The graph oriented approach produced several insights into therefinement process. First, it raised the question: how much longer thanthe optimal refinements are the solutions produced by classicalrefinement, a greedy technique? An optimal refinement algorithm wasimplemented; its solutions were found to be only 10-15% shorter thanclassical refinement’s. A second contribution was the technique ofAlternating Search Direction, which uses the whole search tree at theabstract level for "refinement", not just the abstract solution. The AltOrefinement algorithm combines Alternating Search Direction withOpportunism; this combination was uniformly superior to all otherrefinement techniques in our study. The final insight produced by thegraph oriented approach, reported elsewhere [Holte et al., 1994], is thatclassical refinement and the "heuristic" use of abstract solutions are

Holte, Mkadmi, Zimmer, MacDonald47AI Journal (Revised)intimately related, not exclusive choices; in fact, it is possible tocontinuously vary a refinement strategy between these two extremes.All the new insights and techniques in this paper, with the soleexception of the STAR algorithm, are directly applicable to problemsolving with implicitly represented graphs. We conclude, therefore, thatthe graph oriented approach to problem solving, abstraction, andrefinement is a productive one, and a useful complement to thetraditional approach, which emphasizes the issues pertaining to implicitrepresentation of graphs.AcknowledgementsThis research was supported in part by an operating grant from theNatural Sciences and Engineering Research Council of Canada and inpart by the EEC’s ESPRIT initiative (project "PATRICIA"). Thesoftware was written by Denys Duchier and Chris Drummond. M. B.Perez assisted in running the experiments.References[1]Amarel, S. (1968), On Representations of Problems of Reasoning About Actions,in Machine Intelligence 3, D. Michie (ed.), Edinburgh University Press, pp. 131-171.[2]B. Donald, B., Xavier, P., Canny, J., and Reif, J., (1993), Kinodynamic MotionPlanning, Journal of the ACM, vol. 40(5), pp.1048-1066.[3]Bacchus F. and Kabanza F. (1994), Using Temporal Logic to Control Search in aForward Chaining Planner, unpublished.[4]Bacchus, F. and Q. Yang (1994), Downward refinement and the efficiency ofHierarchical Problem Solving, Artificial Intelligence, vol. 71(1), pp. 43-101.[5]Banerji, R.B. (1980), Artificial Intelligence: A Theoretical Approach, North-Holland Elsevier Science Publishing.[6]Chakrabarti, P.P (1994), Algorithms for Searching Explicit AND/OR Graphs andtheir Applications to Problem Reduction Search, Artificial Intelligence, vol. 65(2),pp. 329-346.[7]Chakrabarti, P.P, Ghose, S., and Desarkar, S. (1986), Heuristic Search ThroughIslands, Artificial Intelligence, vol. 29(3), pp. 339-347.[8]Cherkassky, B. V., Goldberg, A.V. and Radzik T. (1993), Shortest PathAlgorithms: Theory and Experimental Evaluation, technical report STAN-CS-93-1480, Computer Science Department, Stanford University.[9]D. McAllester, D., and Rosenblitt, D., (1991). Systematic nonlinear planning,Proc. AAAI’91, pp. 634-639.[10]Dillenburg, J.F. and Nelson, P.C. (1994), Perimeter Search, Artificial Intelligence,vol. 65(1), pp. 165-178.[11]Doran, J.E. (1968), New Developments of the Graph Traverser, in MachineIntelligence 2, E. Dale and D. Michie (eds.), Oliver and Boyd, Edinburgh.

Holte, Mkadmi, Zimmer, MacDonald48AI Journal (Revised)[11]Doran, J.E. and Michie D. (1966), Experiments with the Graph TraverserProgram, Proceedings of the Royal Society of London, Series A, vol. 294, pp. 235-259.[12]Etzioni, O., (1993), A Structureal Theory of Explanation-based Learning,Artificial Intelligence, vol. 60(1), pp. 93-140.[13]Fikes, R. and Nilsson N.J. (1971), STRIPS: A New Approach to the Applicationof Theorem Proving to Problem Solving, Artificial Intelligence, vol. 2, pp. 189-208.[14]Fink, E. and Yang Q. (1993), Characterizing and Automatically Finding PrimaryEffects in Planning, Proceedings of IJCAI’93, pp. 1374-1379.[15]Georgeff, M. (1981), Search Methods Using Heuristic Strategies, Proceedings ofIJCAI ’81, pp. 563-568.[16]Greiner, R. and Jurisica I. (1992), A Statistical Approach to Solving the EBLUtility Problem, Proc. AAAI ’92, pp. 241-248.[17]Hansson, O., Mayer, A. and Valtorta M. (1992), A new result on the complexityof heuristic estimates for the A* algorithm, Artificial Intelligence, vol. 55, pp.129-143.[18]Hart, P.E., Nilsson N.J., and Raphael B. (1968), A Formal Basis for the HeuristicDetermination of Minimum Cost Paths, IEEE Transactions on Systems Scienceand Cybernetics, vol. 4(2), pp. 100-107.[19]Hayes, P.J. (1977), A Note on the Towers of Hanoi Problem, Computer Journal,vol. 20 (3), pp. 282-285.[20]Hirst, G., (1988), Semantic Interpretation and Ambiguity, Artificial Intelligence,vol. 34(2), pp. 131-178.[21]Hitz, M. and Mueck T. (1994), Routing Heuristics for Cayley Graph Topologies,Proceedings of the 10th Conference on AI and Applications (CAIA’94), pp. 474-476.[22]Holte (1993), R. C., Very Simple Classification Rules Perform Well on MostCommonly-Used Datasets, Machine Learning, vol. 11, pp. 63-91.[23]Holte, R. C., Acker, L, and Porter, B. W., (1989), Concept Learning and theProblem of Small Disjuncts, Proceedings of the International Joint Conference onArtificial Intelligence (IJCAI), Morgan-Kaufmann, pp. 813-818.[24]Holte, R. C., Perez, M.B. Zimmer R.M., and MacDonald A.J. (1995), HierarchicalA*, Symposium on Abstraction, Reformulation, and Approximation.[25]Holte, R.C., Drummond C., Perez, M.B., Zimmer, R.M., and MacDonald A.J.(1994), Searching with Abstractions: A Unifying Framework and New High-Performance Algorithm, Proc. of the 10th Canadian Conference on ArtificialIntelligence (AI ’94), Morgan Kaufman Publishers, pp. 263-270.[26]Kavraki, L. and Latombe J.-C. (1993), Randomized Preprocessing ofConfiguration Space for Fast Path Planning, tech. report STAN-CS-93-1490,Computer Science Dept., Stanford University.[27]Kavraki, L. and Latombe J.-C. (1994), Randomized Preprocessing ofConfiguration Space for Fast Path Planning, Proceedings of the IEEEInternational Conference on Robotics and Automation.[28]Knoblock, C.A. (1990), A Theory of Abstraction for Hierarchical Planning, inChange of Representation and Inductive Bias, D. Paul Benjamin (ed.), Kluwer,pp. 81-104.

Holte, Mkadmi, Zimmer, MacDonald49AI Journal (Revised)[29]Knoblock, C.A. (1991), Automatically Generating Abstractions for ProblemSolving, technical report CMU-CS-91-120, Computer Science Department,Carnegie-Mellon University.[30]Knoblock, C.A. (1994), Automatically Generating Abstractions for Planning,Artificial Intelligence, vol. 68(2), pp. 243-302.[31]Knoblock, C.A., Minton S., and Etzioni O. (1991a), Integrating Abstraction andExplanation-Based Learning in PRODIGY, Proc. AAAI ’91, pp. 541-546.[32]Knoblock, C.A., Tenenberg, J.D. and Yang Q. (1991b), CharacterizingAbstraction Hierarchies for Planning, Proc. AAAI ’91, pp. 692-697.[33]Korf, R.E., (1985a), Macro-operators: a weak method for learning, ArtificialIntelligence, vol. 26, pp. 35-77.[34]Korf, R.E., (1985b), Depth-1st Iterative-Deepening - An Optimal AdmissibleTree-Search, Artificial Intelligence, vol. 27(1), pp. 97-109.[35]Korf, R.E. (1980), Towards a Model of Representation Changes, ArtificialIntelligence, vol. 14(1), pp. 41-78.[36]Minsky, M. (1963), Steps Toward Artificial Intelligence, in Computers andThought, E. Feigenbaum and J. Feldman (eds.), McGraw-Hill, pp. 406-452.[37]Minton, S. (1985), Selectively generalizing plans for problem solving,Proceedings of IJCAI ’85, pp. 596-602.[38]Minton, S. (1990), Quantitative Results Concerning the Utility of Explanation-based Learning, Artificial Intelligence, vol.42(2-3), pp.363-392.[39]Newell, A. and Simon H. (1963), GPS, a Program that Simulates Human Thought,in Computers and Thought, E. Feigenbaum and J. Feldman (eds.), McGraw-Hill,pp. 269-278.[40]Nilsson, N. (1980), Principles of Artificial Intelligence, Tioga Press.[41]Pearl, J. (1984), Heuristics, Addison-Wesley.[42]Pohl, I. (1970), Heuristic Search Viewed as Path Finding in a Graph, ArtificialIntelligence, vol. 1(3), pp. 193-204.[43]Pohl, I. (1971), Bi-directional Search, in Machine Intelligence 6, B. Meltzer andD. Michie (eds.), Edinburgh University Press, pp. 127-140.[44]Porter, B. W., Bareiss, E. R., and Holte, R. C., (1990), Concept Learning andHeuristic Classification in Weak-Theory Domains, Artificial Intelligence, 45(1-2),pp. 229-263.[45]Prieditis, A., and Janakiraman B. (1992), Becoming Reactive by Concretization,Proceedings of the Workshop on Change of Representation and ProblemReformulation, NASA-Ames technical report FIA-92-06, Mike Lowry (ed.), pp.153-159.[46]Prieditis, A., and Janakiraman B. (1993), Generating Effective AdmissibleHeuristics by Abstraction and Reconstitution, Proc. AAAI ’93, pp. 743-748.[47]Reinefeld, A. and Marsland T.A. (1994), Enhanced Iterative-Deepening Search,IEEE Transactions on Pattern Analysis and Machine Intelligence, vol. 16(7), pp.701-710.[48]Sacerdoti, E. (1974), Planning in a hierarchy of abstraction spaces, ArtificialIntelligence, vol. 5(2), pp. 115-135.[49]Sen, A.K. and Bagchi A. (1989), Fast Recursive Formulations for Best-FirstSearch that Allow Controlled Use of Memory, Proc. IJCAI ’89, pp. 297-302.[50]Valtorta, M. (1984), A result on the computational complexity of heuristicestimates for the A* algorithm, Information Sciences, vol. 34, pp. 48-59.

Holte, Mkadmi, Zimmer, MacDonald50AI Journal (Revised)[51]Yang, Q. and Tenenberg J.D. (1990), Abtweak: Abstracting a nonlinear, leastcommitment planner, Proc. AAAI ’90, pp. 204-209.APPENDIX A. Graphs Used in the Experiments5-puzzle.This is a

2 × 3 version of the 8-puzzle. There are 6 positions, arrangedin 2 rows and 3 columns, and 5 distinct tiles, each occupying oneposition. The unoccupied position is regarded as containing a blank.Tiles adjacent to the unoccupied position can be moved into it, therebymoving the blank into the position just vacated.The state space comprises two unconnected regions each containing360 states. One of these regions is used in the experiment in section 5.1.In all other experiments, we have connected the space by adding a singleedge between one randomly chosen state in each of the two regions.Two-thirds of the states have only 2 successors, the other states have 3successors.BitnetThis is a map (not up-to-date) of 3483 sites and their interconnectionsin the Bitnet computer network. Branching factors vary considerably —one of the nodes has a branching factor of 82, but many nodes areconnected to only one other node. The average branching factor is 2.25.Blocks-6There are

n − 1operators numbered 2 to

n. Operator

k reverses the order of the first

kintegers in the current state. For example, applied to the state

3,2,5,6,1,7,4,L [ ] οπερατορ 4 προδυχεσ

6,5,2,3,1,7,4,L [ ]. Οπερατορ

nreverses the whole permutation. This is a particular instance of a Cayleygraph, a family of graphs being studied [Hitz and Mueck, 1994] as apromising interconnection topology for multiprocessor networks.We used