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Abstract

Mining for frequentitemsetscan generate an overwhelm-
ing numberof patterns,oftenexceedingthesizeof theoriginal
transactionaldatabase. Onewayto dealwith this issueis to set
filters and interestingnessmeasures. Others advocatethe use
of constraintsto applyto thepatterns,eitheron theformof the
patternsor ondescriptorsof theitemsin thepatterns.However,
typically the filtering of patternsbasedon theseconstraints is
doneas a post-processingphase. Filtering the patternspost-
miningaddsa significantoverhead,still suffers fromthesheer
sizeof thepatternsetandlosestheopportunityto exploit those
constraints.

In this paperwe proposean approach that allows the effi-
cientminingof frequentitemsetspatterns,whilepushingsimul-
taneouslyboth monotoneand anti-monotoneconstraints dur-
ing andat differentstrategic stagesof theminingprocess.Our
implementationshowsa significant improvementwhen con-
sidering the constraints early and a better performanceover
Dualminerwhich alsoconsidersbothtypesof constraints.

1 Intr oduction

FrequentItemsetMining (FIM) is akey componentof many
algorithmswhichextractpatternsfrom transactionaldatabases.
For example, FIM can be leveragedto produceassociation
rules,clusters,classifiersor contrastsets.This capabilitypro-
vides a strategic resourcefor decisionsupport,and is most
commonlyusedfor market basket analysis.Onechallengefor
frequentitemsetmining is the potentiallyhugenumberof ex-
tractedpatterns,whichcaneclipsetheoriginaldatabasein size.
In additionto increasingthecostof mining, this makesit more
difficult for usersto find thevaluablepatterns.Introducingcon-
straintsto themining processhelpsmitigatebothissues.Deci-
sionmakerscanrestrictdiscoveredpatternsaccordingto spec-
ified rules. By applyingtheserestrictionsasearlyaspossible,
thecostof mining canbeconstrained.For example,usersmay
be interestedin purchaseswhosetotal price exceeds$100,or
whoseitemscostbetween$50and$100.

Constraintbasedmining is an ongoing areaof research.
Two importantcategoriesof constraintsaremonotoneandanti-
monotone[13]. Anti-monotoneconstraintsareconstraintsthat

whenvalid for a pattern,they areconsequentiallyvalid for any
subsetsubsumedby the pattern. Monotoneconstraintswhen
valid for a patternare inevitably valid for any supersetsub-
sumingthatpattern.Thestraightforwardway to dealwith con-
straintsis to usethem as a filter post-mining. However it is
moreefficienttoconsidertheconstraintsduringtheminingpro-
cess.This is what is refereedto as“pushingthe constraints”
[14]. Most existing algorithmsleverage(or push)oneof these
typesduringminingandpostponetheotherto apost-processing
phase.New algorithmssuchasDualminerapplybothtypesof
constraintsat thesametime. [7]. It considersthesetwo types
of constraintsin a doubleprocess,onemirroring theotherfor
eachtype of constraint,henceits name. However, monotone
andanti-monotoneconstraintsdo not necessarilyapply in du-
ality. Especiallywhenconsideringthemining processasa set
of distinctphases,suchasthebuildingof structuresto compress
the dataandthe mining of thesestructures,the applicationof
theseconstraintsdiffer by type. Moreover, someconstraints
have differentpropertiesandshouldbe consideredseparately.
For instance,minimum supportandmaximumsupportarein-
tricately tied to the mining processitself while constraintson
item characteristics,suchas price, are not. There is no ex-
isting algorithmthat pushesboth typesof constraintsearly in
themining processandneithertraversesthe latticeof patterns
top-down nor bottom-up. We introducehereinan algorithm
that pushesboth monotoneandanti-monotoneconstraintsby
wiselyjumpingseverallevelsin thepatternlatticefrom thebot-
tom andtop, andcleverly reducingthe unnecessaryconstraint
checkingwhile consideringtheintricaciesandpropertiesof the
constraintsandthepatternssoughtafter.

1.1 ProblemStatement

The problemof mining associationrulesover market bas-
ket analysiswas introducedin [1, 2]. The problemconsists
of finding associationsbetweenitems or itemsetsin transac-
tional data. Formally, the problemis statedas follows: Let�������
	������������� �����

beasetof literals,calleditems.Eachitemis
anobjectwith somepredefinedattributessuchasprice,weight,
etc.and� is consideredthedimensionalityof theproblem.Let�

bea setof transactions,whereeachtransaction� is a setof
itemssuchthat ��� � . A transaction� is saidto contain� ,
a setof itemsin

�
, if ��� � . A constraint! is a predicateon

itemset� that yieldseithertrue or false. An itemset� satis-
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fies a constraint! if andonly if !#"$�&% is true. An itemset�
hasa supports in the transactionset

�
if s% of the transac-

tionsin
�

contain� . Two particularconstraintspertainto the
supportof an itemset,namelytheminimumsupportconstraint
andthe maximumsupportconstraint.An itemset� is saidto
be infrequentif its support ' is smallerthana givenminimum
supportthreshold( ; � is saidto be too frequentif its support' is greaterthana givenmaximumsupport) ; and � is saidto
be large or frequentif its support ' is greateror equalthan (
andlessor equalthan ) .

1.2 Moti vation and Contrib ution

Theproblemof discoveringall frequentitemsetsthatsatisfy
constraintsis a difficult one.Thedifficulty stemsfrom thefact
that, firstly, testingfor minimum supportandmaximumsup-
port cannot be donesimultaneously, sincewhenvalid, oneis
alwaystruefor subsetswhile theotheris alwaystruefor super-
sets.Secondly, despitetheir selective power, someconstraints
cannotbecheckedto filter candidateitemsetsuntil a very late
stageof the mining processdependinguponthe type of con-
straintandthesearchspacetraversalstrategy used.

We introducea frequentitemsetmining algorithmwith the
following properties:

* A leaptraversalstrategy is usedto applyconstraintsfrom
selectednodesin the lattice, in contrastto bottom-upor
top-down traversals.

* Bothmonotoneandanti-monotoneconstraintsarepushed
efficiently by placingandtiming their respective evalua-
tion strategically.

* Regionswhereoneconstraintneedsnot be evaluatedare
identifiedquickly usingproventheorems.

* Previouslyknowndatastructures,suchasFP-tree[12] and
COFI-tree[10], areused,but new algorithmsexploiting
thesestructuresareproposed.

* Constraintsareusednot only to extractthevalid frequent
itemsetsbut alsoconcurrentlyto obtainthevalid frequent
closedandmaximal patternsalong with their respective
supports.

Theremainderof thepaperis organizedasfollows: Therel-
evant typesof constraints,monotoneand anti-monotone,are
discussedin Section2 with illustrative examples. Section3
presentsa new algorithm for frequentitemsetmining using
the COFI-treeidea but insteadof a bottom-upor top-down
approach,selectively jumps within the patternlattice to find
thosepatternsthatsatisfytheminimumsupportthreshold[17].
How to pushbothmonotoneandanti-monotoneconstraintsand
wheretheseconstraintsareevaluatedin this new approachis
presentedin Section4. A selectionfrom a batteryof testsfor
performanceevaluationis presentedin Section5. In particular,
wecompareourapproachto Dualminer[7]. Section6 presents
relatedwork. Finally, Section7 concludesthepaper.

MONOTONE ANTI-MONOTONE+-,/.10�24365�7 +-,/.10�24368�7+-9�:40�243;8�7 +-9�:40�243;5�7<>=
?@.BAC0�24368D7 <>=
?@.BAC0�24315E7FG?@+�0�243;8D7B0$H#9�IJ2LKM9-8�N@3 FG?@+�0�243;5�7B0$H#9-IJ2LKM9-8�N@3O�9�.BPRQS0�243;8D7 O�9�.BPRQS0�243;5D7FG?@TUTU=
O�A>0�243;5D7 FG?@TUTU=
O�A>0�243;8D7
Table 1. Commonl y used monotone and anti-
monotoneconstraints

2 Constraints

It is known thatalgorithmsfor discoveringassociationrules
generateanoverwhelmingnumberof thoserules.While many
new efficient algorithmswere recentlyproposedto allow the
miningof extremelylargedatasets,theproblemdueto thesheer
numberof rules discoveredstill remains. The set of discov-
eredrules is often so large that it becomesuseless.Different
measuresof interestingnessandfilters have beenproposedto
reducethediscoveredrules,but oneof themostrealisticways
to find only thoseinterestingpatternsis to expressconstraints
on the ruleswe want to discover. However, filtering the rules
post-miningaddsa significantoverheadandmissestheoppor-
tunity to reducethesearchspaceusingtheconstraints.Ideally,
dealingwith theconstraintsshouldbedoneasearlyaspossible
duringtheminingprocess.

2.1 Categoriesof Constraints

A numberof typesof constraintshavebeenidentifiedin the
literature[13]. In this work, we discusstwo importantcate-
goriesof constraints– monotoneandanti-monotone.

Definition 1 (Anti-monotone constraints)
A constraint ! is anti-monotoneif and only if an itemset �
violates ! , sodoesany supersetof � . Thatis, if ! holdsfor an
itemsetV thenit holdsfor any subsetof V .

Many constraintsfall within the anti-monotonecategory.
The minimum support thresholdis a typical anti-monotone
constraint.As an example, '�WX�Y"VZ%\[^]1"$_1`bacV � `bdfeg% is
an anti-monotoneconstraint. Assumethat items h , i , andj

have prices$100,$150,and$200respectively. Given the
constraint! = ( '�WX�Y"VZ%k[ml�noeSe ), thensinceitemsethpi , with
a total priceof $250,violatesthe ! constraint,thereis no need
to testany of its supersets(e.g. hpi j ) asthey alsoviolatethe! constraint.

Definition 2 (Monotone constraints)
A constraint! is monotoneif andonly if an itemset� holds
for ! , sodoesany supersetof � . Thatis, if ! is violatedfor an
itemsetV thenit is violatedfor any subsetof V .

An exampleof a monotoneconstraintis '�WX�Y"Vq%rds]1"$_6`taV � `udvew% . Using the sameitems h , i , and
j

asbefore,and
with constraint! = ( '�WX�Y"VZ%xdYySeoe ), thenknowing that hzi j
violatestheconstraint! is sufficient to know thatall subsetsof
ABC will violate ! aswell.
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Table1 presentscommonlyusedconstraintsthatareeither
anti-monotoneor monotone. Fromthedefinitionof bothtypes
of constraintswe canconcludethatanti-monotoneconstraints
canbepushedwhenthemining-algorithmusesthe bottom-up
approach,aswe canpruneany candidatesupersetif its subset
violatesthe constraint. Conversely, the monotoneconstraints
can be pushedefficiently when we are using algorithmsthat
follow the top-down approachaswe canpruneany subsetof
patternsfrom theanswersetoncewe find that its supersetvio-
latesthemonotoneconstraint.

Algorithm 1 COFILeap:Leap-Traversalwith COFI-tree
Input: { (transactionaldatabase);( (Supportthreshold).
Output: Typepatternswith their respectivesupports.|\}�~

Scan{ to find thesetof frequent1-itemsets|�� � ~ Scan{ to build theFP-treeusing
|\}���M�R� ` ��� `�� � �s` � ' ~��

for eachitem
�

in Header(
|�� � ) in increasingsupportdo�k|�~�|q�G�k� �M�R� ` � |q�B�U� W ���4�
���G�
�X��� '�� � � � " � %

if Not " ���J�k| %x� ���M�R� ` ��� `�� � �s` � ' then� j � ~ Build COFI-Treefor
�|�� i ~ FindFrequentPathBases(
� j � )� �R� ` ��� `�� � �s` � ' ~�|q�B�U� W ���4� " |�� it%�#�k|q�B�U� W ���4�
|�� i ~�� � �
|q�B�U� W ���4� " |�� it%

for eachpair "h � i-%�a �#�k|q�B��� W ���4�
|�� i do� ` ��
�����b~ hb Ji
if
� ` ��
���U� is frequentandnot

�
then

Add
� ` ��
���U� in

� �R� ` �M� `
� � �¡` � '
else

Add
� ` ��
���U� in

�o�k|q�B�U� W �¢�4�
|�� i IF not
�

end if
end for
for eachpattern

�
in
� �R� ` ��� `�� � �s` � ' do

if
�

is not a subsetof any
� a �����R� ` ��� `�� � �s` � '

then
Add
�

in
���M�R� ` ��� `�� � �s` � '

end if
end for

end if
end for� ` ��
���U� ' ~ GeneratePatterns(

|�� i � �����R� ` ��� `�� � �s` � ' )
Output

� ` ��
���U� '

2.2 Bi-dir ectional Pushingof Constraints

Pushing constraintsearly meansconsideringconstraints
while mining for patternsratherthanpostponingthechecking
of constraintsuntil after themining process.Given the intrin-
sic characteristicsof existing algorithmsfor mining frequent
itemsets,eithergoingoverthelatticeof candidateitemsetstop-
down or bottom-up,consideringall constraintswhile mining is
difficult. Most algorithmsattemptto pusheithertype of con-
straintsduringthemining processhopingto reducethesearch
spacein onedirection: from subsetsto supersetsor from su-
persetsto subsets.Dualminer[7] pushesboth typesof con-
straintsbut at the expenseof efficiency. Focusingsolely on

reducingthesearchspaceby pruningthe latticeof itemsetsis
not necessarilya winning strategy. While pushingconstraints
early seemsconceptuallybeneficial,in practicethe testingof
theconstraintscanaddsignificantoverhead.If theconstraints
arenot selectiveenough,checkingtheconstraintpredicatesfor
eachcandidatecan be onerous. It is thus important that we
alsoreducethe checkingfrequency. While the primary bene-
fit of earlyconstraintcheckingis theeliminationof candidates
which cannot passthe constraint,it canalsobe usedto iden-
tify candidateswhich areguaranteedto passtheconstraintand
thereforedonotneedto bere-checked.In summary, thegoalof
pushingconstraintsearly is to reducetheitemsetsearchspace,
eliminatingunnecessaryprocessingandmemoryconsumption,
while at thesametimelimiting theamountof constraintcheck-
ing performed.

3 COFI with Leap

Most existing algorithmstraversethe itemset lattice top-
down or bottom-up,andsearchusinga depthfirst or breadth
first strategy. In contrast,we proposea leap traversal strat-
egy thatfindsa supersetof pertinentitemsetsby “leaping” be-
tweenpromisingnodesin the itemsetlattice. In addition to
findingtheserelevantcandidateitemsets,sufficient information
is gatheredto producethefrequentitemsetpatterns,alongwith
their supports.Here,we useleaptraversalin conjunctionwith
thecomplementaryCOFI idea[10], wherethelocally frequent
itemsetsof eachfrequentitem are explored separately. This
createsadditionalopportunitiesfor pruning.What is theCOFI
ideaandwhat is this setof pertinentitemsetswith their addi-
tional information? This setof pertinentitemsetsis the setof
maximals.Wewill firstpresenttheCOFItreestructure,thenwe
will introduceour algorithmCOFILeapwhich minesfor fre-
quentitemsetsusingCOFI treesandjumpingin thepatternlat-
tice. In thenext section,this samealgorithmwill beenhanced
with constraintcheckingto produceour algorithmBifoldLeap.

3.1 COFI-tr ees

The COFI-treeidea was introducedin [10] asa meansto
reducethememoryrequirementandspeedup theminingstrat-
egy of FP-growth [12]. Ratherthanrecursively building condi-
tional treesfrom the FP-tree,the COFI strategy wasto create
COFI-treesfor eachfrequentitem andmine themseparately.
ConditionaltreesareFP-treesconditionedontheexistenceof a
givenfrequentitem. TheFP-tree[12] is a compactprefix-tree
representationof the sub-transactionsin the input data. Here,
sub-transactionsare the original transactionswith infrequent
itemsremoved. The FP-treecontainsa headerandinter-node
links which facilitatedownwardtraversal(forwardin theitem-
setpattern)aswell aslateraltraversal(next noderepresenting
aspecificitem).

Building COFI-treesbasedon the FP-tree. For eachfre-
quentitem in the FP-tree,in orderof increasingsupport,one
COFI-treeis built [10]. This treeis basedon sub-transactions
which containthe root item andarecomposedonly of items
locally frequentwith the root item that have not alreadybeen
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usedasroot itemsin earlierCOFI-trees.TheCOFI-treeis sim-
ilar to theFP-tree,but includesextra links for upwardtraversal
(earlier in the itemsetpattern),a new participation counterin
eachnode,anda datastructureto allow traversalof all leaves
in the tree. This participationcounteris usedduring the min-
ing processto countup the participationof eachnodein the
generationof a frequentpattern.

Algorithm 2 BifoldLeap: PushingP()andQ()
Input: { (transactionaldatabase);(1£
) ; P(); Q().
Output: FrequentpatternssatisfyingP(),Q()��|\}�~

Scan{ to find thesetof frequentP1-itemsets|�� � ~ Scan{ to build FP-treeusing
��|\}

and ¤�"�%� ��� " � �����R� ` ��� `�� � �s` � '�% ~¥�
for eachitem

�
in Header(

|�� � ) do�k|�~�|q�G�k� �M�R� ` � |q�B�U� W ���4�
���G�
�X��� '�� � � � " � %
if (Not ¤�" �-�J�Z| % ) then break
if (
� " �-�J�k| % ) then Add " �-�J�Z| % to � ��� andbreak

if Not " ���J�k| %x� � ��� then� j � ~ Build COFI-Treefor
�|�� i ~ FindFrequentPathBases(
� j � )��� � " ��� � `
� � �¡` � '�% ~¦�S� " |�� it% andfrequent

��#�k|q�B�U� W ���4�
|�� i ~�� � �
|q�B�U� W ���4� " |�� it%
for eachpair "h � i-%�a �#�k|q�B��� W ���4�
|�� i do�w� ` �#���t~ hY §i

Add
�X� ` �o��� in

��� �
and Break IF (

� " �X� ` �#�¢� %
AND is frequentandnot

�
)

Delete
�w� ` �o��� andbreakIF (Not ¤�" �w� ` �#��� % )� ` � � ~ Intersection(FPBsnot in

�X� ` �o��� )
delete

�X� ` �#�¢� andbreakIF (Not
� " �w� ` �o���   � ` � � % )

Do not check for ¤�"¢% in any subsetof
�X� ` �o��� IF

( ¤�" �w� ` �#���   � ` � � % )
end for
for eachpattern

�
in
��� �

do
Add

�
in
� ���

IF ((
�

not subsetof any
� a� ���

)
end for

end if
end for
PQ-Patterns

~
GPatternsQ(

|�� i ��� ��� )
OutputPQ-Patterns

3.2 COFILeap algorithm

COFILeapis differentthanthealgorithmpresentedin [10]
in thesensethatit generatesmaximalpatterns,wherea pattern
is saidto bemaximalif thereis no otherfrequentpatternthat
subsumesit. COFILeapratherthantraversingthepatternlattice
top-down it leapsfrom onenodeto the other in searchof the
supportborderwheremaximalssit. Oncemaximalsarefound,
with the extra informationcollected,all otherpatternscanbe
generatedwith their respectivesupport.

Following is a brief summaryof the COFILeapalgorithm.
First,afrequentpatternFP-tree[12] is created,usingtwo scans
of the database.Second,for eachfrequentitem, a COFI-tree
is createdincludingall co-occurantfrequentitemsto the right

(i.e. in orderof decreasingsupport). EachCOFI-treeis gen-
eratedfrom the FP-treewithout returningto the transactional
databasefor scans.Uniquesub-transactionsin the COFI-tree
along with their count (called branch support) are obtained
from the COFI-tree.Theseuniquesub-transactionsarecalled
frequentpathbases(FPB).Thesecanbeobtainedby traversing
upwardfrom eachleafnodein theCOFI-tree,updatingthepar-
ticipationcounterto avoid over-countingnodes.Clearly, there
is at mostoneFPB for eachsub-transactionin the COFI-tree.
FrequentFPBsare declaredcandidatemaximals. Infrequent
FPBsareintersectediteratively, producingsubsetswhich may
be frequent. Whenan intersectionof infrequentFPBsresults
in a frequentitemset,that itemsetis declaredas a candidate
maximaland is not subjectto further intersections.Whenan
intersectionis infrequent,it participatesin furtherintersections
looking for maximals.This is indeedhow the leapsin the lat-
tice aredone. The resultof the intersectionof FPBsindicates
the next nodeto explore. How is the supportof a patterncal-
culated?Given thesetof frequentpathbasesalongwith their
branchsupports,it is possibleto countthesupportof any item-
set.This is doneby findingall FPBswhicharesupersetsof the
target itemset,andsummingtheir branchsupports.For exam-
ple,if therearetwo FPBs,hzi j and hzi j { , eachwith branch
support1, hzi j hassupport2, and hpi j { hassupport1.

Algorithm 1 showsthemainstepsof COFILeap. Noticethat
COFI-treesarenot generatedsystematicallyfor all frequent1-
itemsets.Thereis no needto look for maximalslocally with
respectto an item

�
, if
�

andits locally frequentitemsareal-
readysubsetof known global maximals. Finally, in the func-
tion
� ���k��� ` �
��� ` ��
���U� ' thesetof candidatemaximalpatterns

is usedalongwith thefrequentpathbasesto producethesetof
all frequentitemsetsthatsatisfytheconstraintsalongwith their
supports.Maximal itemsetscanbefoundby filtering thecan-
didatemaximalsto removesubsets.Supportsfor thecandidate
maximalpatternswerecomputedaspartof theintersectionpro-
cess(to discover thatthey werefrequent),andthereforedo not
needto berecomputed.Oncethemaximalitemsetshave been
found,theall frequentitemsetscanbe foundby iteratingover
all subsetsof the maximals,suppressingduplicatesresulting
from overlapwith other maximalpatterns. Supportcounting
for thefrequentitemsetsis doneasfor theFPBs,i.e. by sum-
mingthebranchsupportsof all FPBswhicharesupersetsof the
pattern.

4 Leap with constraints

Theconjunctionof all anti-monotoneconstraintscomprises
a predicatethatwe call

� "¢% . A secondpredicate¤-"¢% contains
the conjunctionof the monotoneconstraints.A commonap-
proachis to includetheubiquitousminimumsupportconstraint
aspartof

� "�% . Similarly, themonotonemaximumsupportcon-
straintcanbe includedaspart of ¤-"¢% . In this way, a frequent
itemsetmining algorithmcanbeextendedto push

� "�% deeply
by replacingchecksfor minimumsupportwith checksfor

� "�% .
In our algorithm, we separatethe constraintson the support
from otherconstraints.Thus,theminimumsupportconstraint
and the maximumsupportconstraintare extractedfrom

� "¢%
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and ¤�"¢% respectively. This is becausecheckingfor supportis
anintegralpartof thefrequentitemsetenumeration,while other
constraintsonitemattributesareusedfor searchspacepruning.
The algorithmCOFILeapoffers a numberof opportunitiesto
pushthemonotoneandanti-monotonepredicates,

� "¢% and ¤-"¢%
respectively. We startthisprocessby definingtwo termswhich
arehead( ¨ ) andtail (� ) wherë is afrequentpathbaseor any
subsetgeneratedfrom the intersectionof frequentpathbases,
and � is the itemsetgeneratedfrom intersectingall remaining
frequentpathbasesnot usedin the intersectionof ¨ . The in-
tersectionof ¨ and� , ¨f �� , is thesmallestsubsetof ¨ that
mayyet beconsidered.ThusLeapfocuseson finding frequent¨ thatcanbedeclaredaslocal maximalsandcandidateglobal
maximals.BifoldLeapextendsthis ideato find local maximals
thatsatisfy

� "¢% . We call theseP-maximals.
Although we further constrainthe P-maximalsto itemsets

whichsatisfy ¤-"¢% , notall subsetsof theseP-maximalsareguar-
anteedto satisfy ¤�"�% . To find the itemsetswhich satisfyboth
constraints,thesubsetsof eachP-maximalaregeneratedin or-
der from long patternsto short. Whena subsetis foundto fail¤�"¢% , furthersubsetsdo not needto begeneratedfor that item-
set,asthey areguaranteedto fail ¤-"¢% also.

Therearethreesignificantplaceswhereconstraintscanbe
pushed:(a) while building the FP-tree,(b) while building the
COFI-trees,and(c) while intersectingthefrequentpathbases,
which is the main phasewhereboth typesof constraintsare
pushedat thesametime(Algorithm 2).
Constraint pushingopportunitiesduring FP-treeconstruction.
First,

� "�% is appliedto each1-itemset. Itemswhich fail this
testarenot includedin FP-treeconstruction.Second,we use
the ideafrom FP-Bonsai[5] wheresub-transactionswhich do
not satisfy ¤�"�% arenot usedin thesecondphaseof theFP-tree
building process.Thesupportsfor theitemswithin thesetrans-
actionsaredecremented.This may result in somepreviously
frequentitems becominginfrequent. Suchitems will not be
usedto constructCOFI-treesin thefollowing phase.
Constraint pushingopportunitiesduring COFI-treeconstruc-
tion. Let � be the setof all items that will be usedto build
theCOFI-tree,i.e. theitemswhichsatisfy

� "¢% individually but
have not beenusedasthe root of a previousCOFI-tree. If �
fails ¤-"¢% , thereis no needto build theCOFI-tree,asno subset
of � cansatisfy ¤�"�% . Alternatively, if � satisfies

� "�% , there
is alsono needto build the COFI-tree,as � is a candidateP-
maximal.
Constraint pushing opportunities during intersection of
Frequent-Path-Bases.Thereare two high-level strategies for
pushingconstraintsduring the intersectionphase. First,

� "¢%
and ¤�"�% canbeusedto eliminateanitemsetor removetheneed
to evaluateits intersectionswith additionalfrequentpathbases.
Second,

� "¢% and ¤-"¢% canbeappliedto the“headintersecttail”
( ¨© ª� ), which is thesmallestsubsetof thecurrentitemsetthat
canbe producedby further intersections.Thesestrategiesare
detailedin thefollowing four theorems.

Theorem 1: If an intersectionof frequentpathbases( ¨ )
fails ¤�"¢% , it canbediscarded,andthereis no needto evaluate
furtherintersectionswith ¨ .
Proof: If anitemsetfails ¤�"¢% , all of itssubsetsareguaranteedto

fail ¤-"¢% basedon thedefinitionof monotoneconstraints.Fur-
therintersecting̈ will producesubsets,all of whichareguar-
anteedto violate ¤-"¢% .
Theorem2: If anintersectionof frequentpathbases( ¨ ) passes� "¢% , it is a candidateP-maximal,andthereis noneedto evalu-
atefurther intersectionswith ¨ .Proof: Furtherintersecting̈
will producesubsetsof ¨ . By definition,noP-maximalis sub-
sumedby anotheritemsetwhich alsosatisfies

� "¢% . Therefore,
noneof thesesubsetsof ¨ arepotentialnew P-maximals.
Theorem 3: If a node’s ¨� �� fails

� "�% , the ¨ nodecanbe
discarded,andthereis noneedto evaluatefurtherintersections
with ¨ . Proof: If anitemsetfails

� "¢% , thenall of its supersets
will alsoviolate

� "¢% from thedefinitionof anti-monotonecon-
straints.Sincea node’s ¨« �� representsthesubsetof ¨ that
resultsfrom intersecting̈ with all remainingfrequentpath
bases,̈ andall combinationsof intersectionsbetween̈ and
remainingfrequentpathbasesaresupersetsof ¨� ¬� andthere-
foreguaranteedto fail

� "¢% also.
Theorem4:If anode’s ¨c z� passes¤�"¢% , ¤�"�% is guaranteedto
passfor any itemsetresultingfrom the intersectionof a subset
of thefrequentpathbasesusedto generatë plustheremain-
ing frequentpathbasesyet to beintersectedwith ¨ . ¤�"¢% does
notneedto becheckedin thesecases.Proof: ¤�"¢% is guaranteed
to passfor all of theseitemsetsbecausethey aregeneratedfrom
asubsetof theintersectionsusedto producethe ¨ �� andare
thereforesupersetsof the ¨f \� .
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Figure 1. Pushing P() and Q().

The following example,shown in Figure1, illustrateshow
BifoldLeapworks.An A-COFI-treeis madefrom fiveitems, h ,i ,
j

, { , and · , with prices$60,$450,$200,$150,and$100
respectively. In our example,this COFI-treegenerates5 fre-
quentpath bases,h j {¸· , hpi j {¸· , hpi j { , hpi j · , andhzi\{¹· , eachwith branchsupportone. The anti-monotone
predicate,

� "¢% , is VgWw�Y" �q�U� � � 'R%¸[ºl�ySeoe , and the monotone
predicate,¤-"¢% , is VgWX�Y"�� �U� � � '�%ªdfl } eSe . Intersectingthefirst
FPB with the secondproducesh j {¸· which hasa price of
$510,andthereforeviolates

� "¢% andpasses¤�"�% . Next, we ex-
aminethe ¨c z� , theintersectionof thisnodewith theremain-
ing threeFPBs,whichyields h with price$60,passing

� "�% and
failing ¤�"�% . Noneof theseconstraintchecksprovideanoppor-
tunity for pruning,sowecontinueintersectingthis itemsetwith
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theremainingfrequentpathbases.Thefirst intersectionis with
the third FPB, producing h j { with price $410, which sat-
isfiesboth the anti-monotoneandmonotoneconstraints.The
secondintersectionproducesh j · , which alsosatisfiesboth
constraints.The samething occurswith the last intersection,
whichproduceshz{¸· . Goingbackto thesecondfrequentpath
base,ABCDE, we find that the ¨� -� , hpi , violatestheanti-
monotoneconstraintwith price $510. Therefore,we do not
needto considerhzi j {¹· or any further intersectionswith it.
Theremainingnodesareeliminatedin thesamemanner. In to-
tal, threecandidateP-maximalswerediscovered.We cangen-
erateall of theirsubsetswhile testingonly against¤�"�% . Finally,
thesupportfor thesegeneratedsubsetscanbecomputedfrom
theexisting frequentpathbases.

5 PerformanceEvaluation

To evaluateour BifoldLeap algorithm,we conducteda set
of experimentsto testtheeffectof pushingmonotoneandanti-
monotoneconstraintsseparately, andthenbothin combination
for thesamedatasets.To quantifyscalability, weexperimented
with datasetsof varyingsize. We alsomeasuredthe impactof
pushingversuspost-processingconstraintson the numberof
evaluationsof

� "�% and ¤-"¢% . Like in [7], we assignedpricesto
itemsusingbothuniformandzipf distributions.Ourconstraints
consistedof conjunctionsof testsfor aggregate,minimum,and
maximumpricein relationto specificthreshholds.

We comparedour algorithmwith Dualminer[7]. Basedon
its authors’recommendations,we built the Dualminerframe-
work on top of theMAFIA [8] implementationprovidedby its
original authors.Our experimentswereconductedon a 3GHz
Intel P4with 2 GB of memoryrunningLinux 2.4.25,RedHat
Linux release9. The timesreportedalso include the time to
outputall matchingitemsets.We have testedthesealgorithms
usingbothrealdatasetsprovidedby [11] andsyntheticdatasets
generatedusing[3]; weused‘retail’ asourprimaryrealdataset
reportedhere. A datasetwith the samecharacteristicsas the
onereportedin [7] wasalsogenerated.

We receivedanFP-Bonsaicode(baseon FP-Growth) from
its original authors[5]. Unfortunately, not all pruning and
clever constraintconsiderationssuggestedin their FP-Bonsai
paperwere implementedin this code. Moreover, the imple-
mentationasreceivedproducedsomefalsepositivesandfalse
negatives.This is why weoptednotto addit to ourcomparison
study. Although,with simpleandonly monotoneconstraints,
the received FP-Bonsaiimplementationwas indeedfast. FP-
Bonsaiasdescribedin thepaperhasmerit but becauseof lack
of time we couldnot implementit ourselves(albeitaddingim-
plementationbias)or fix thereceivedcode.

5.1 Impact of P and Q Selectivity on BifoldLeap and
Dualminer

To differentiatebetweenour novel BifoldLeap algorithm
andDualminer, we experimentedagainstthe retail dataset.In
thefirst experiment(Figure2.A), wepushed

� "�% , then ¤�"¢% , and
finally

� "¢%�»�¤-"¢% . Weusedthezipf distributionto assignprices

to items.Both
� "¢% and ¤�"�% consistedof constraintsonthesum

of theprices.Theconstraintthresholdswerechosento not be
very selective. Figure 2.B presentsthesameexperimentwith
moreselectiveconstraints.

Figure2.Cpresentspushingextremelyselectiveconstraints,
usinganti-monotoneandmonotoneconstraintson the sumof
the prices,andon the minimum andmaximumitem price. In
this experiment,we found that BifoldLeap in mostcasesout-
performsDualminerandin somecasesby morethanoneorder
of magnitude.Themostinterestingobservationwe foundfrom
this experimentwasthatif we pushonetypeof constraint,e.g.� "¢% , that takes � } secondsand the other type of constraint,¤�"¢% , takes��n secondswhere� } [¼��n , in Dualminerpushing
bothconstraintstogetherwill take ��½ seconds,where��½ is al-
waysbetween� } and�pn . In contrast,BifoldLeapalwaystakes
lesstime with the conjunctionof the constraintsthanwith ei-
therconstraintin isolation.Monotoneandanti-monotonecon-
straintscanindeedbe mutually assistingeachotherin the se-
lectivity. BifoldLeap took betteradvantageof this reciprocal
assistancein thepruning.

5.2 Scalability Tests

Scalability is an importantissuefor frequentitemsetmin-
ing algorithms. Syntheticdatasetsweregeneratedwith 50K,
100K, 250K, and500K transactions,with 5K or 10K distinct
items. In this experiment,BifoldLeapdemonstratedextremely
good scalability versusincreasingdatasetsize. In contrast,
Dualminerreacheda point whereit consumedalmostthreeor-
dersof magnitudemoretime thanthatneededby BifoldLeap.
Figure3.A depictsoneof theseresultswhile mining datasets
with only 5K unique items. As anotherexperimentexam-
ple, we testedboth algorithmson datasetswith up to 50 Mil-
lion transactionsand100K items. Dualminerfinishedthe 1M
datasetin 8534 secondswhile BifoldLeap finished in 186s,
190s,987sand2034sfor the 1M, 5M, 25M and50M trans-
actionsdatasetsrespectively.

5.3 Constraint Checking: Pushing Constraints ver-
susPost-processing

Oneof the major challengingissuesfor constraintmining
is reducingthe numberof evaluationsof

� "¢% and ¤�"¢% . In the
followingexperiment,wegeneratedasyntheticdatasetwith the
samecharacteristicsasthe onereportedin [7]. Specifically, it
wasgeneratedwith 10,000transactions,anaveragetransaction
lengthof 15, an averagemaximal patternlength of 10, 1000
uniqueitems,and10,000patterns.We found that Dualminer
wasindeedgoodon this datasetasreportedin [7]. However,
BiFoldLeapoutperformedit with thesameorderof magnitude
asthe testson timing. This shows that the predicatechecking
is indeeda significantoverheadandBiFoldLeapoutperforms
Dualminerin time primarily becauseit doessignificantly less
predicatechecks.

The goal of theseexperimentswas to test the numberof
evaluationsand the effect of pushing constraintsearly ver-
suspost-processingthem. We ran our experimentsusingthis
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Figure 2. (A) Pushing
� "¢% , ¤�"¢% , and

� "�%�»¡¤�"�% . (B) More selective constraints. (C) Extremel y selective
constraints

datasetwith absolutesupportequal to 25, 50, and 75 using
the two differentdistributions. We useda modifiedversionof
MAFIA with post-processingas the post-processingcounter-
part to Dualminer. Our implementationof Dualmineralways
testsminimum supportand P() together, while BifoldLeap’s
minimum supportchecksoccurat different times anddo not
contribute to the count for

� "�% . Figure 4 depictsthe results
of theseexperiments.Our first observation is that Dualminer
performsa hugenumberof constraintevaluationsascompared
to BifoldLeap. Even in caseswherewe only generated255
patterns,Dualminer neededmore than 50 thousandevalua-
tions for both

� "¢% and ¤�"¢% , comparedto almost6 thousand
neededby BifoldLeap.Our secondobservationis thatMAFIA
with post-processingrequiresfewerconstraintevaluationsthan
Dualminer.
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Figure 3. (A) Scalability test. (B) Effect of chang-
ing the price distrib ution

5.4 Differ ent Distrib utions

All of ourexperimentswereconductedusinguniformand/or
zipf pricedistributions. In mostof theexperiments,we found
that the effect of changingthe distribution on Dualminerwas
greaterthanfor BifoldLeap. This canbejustifiedby theeffec-
tivenessof thepruningtechniquesusedby BifoldLeapthatalso
reducethenumberof candidatecheckswhichconsequentlyaf-
fectedits performance.Figure3.B depictsoneof theseresults
for theretail dataset.

6 Relatedwork

Mining frequentpatternswith constraintshasbeenstudied
in [13] wheretheconceptof monotoneandanti-monotoneand
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Figure 4. No. of
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and � ��� evaluations, using
constraint pushing vs. post-pr ocessing

succinctwere introducedto prunethe searchspace. JianPei
et al. [14, 15] have alsogeneralizedthesetwo classesof con-
straintsand introduceda new convertible constraintclass. In
theirwork they proposedanew algorithmcalled ��� �¢¡ which
is an FP-Growth basedalgorithm[12]. This algorithmgener-
atesmostfrequentpatternsbeforepruningthem.Its maincon-
tribution is that it checksfor monotoneconstraintsearly and
oncea frequentitemsetis found to satisfythe monotonecon-
straint,thenall itemsetshaving this item asa prefix aresureto
satisfythe constraintandconsequentlythereis no needto ap-
ply furtherchecks.Dualminer[7] is thefirst algorithmto mine
bothtypesof constraintsat thesametime. Nonetheless,it suf-
fers from many practical limitations and performanceissues.
First, it is built on the top of the MAFIA [8] algorithmwhich
producesthesetof maximalpatterns,andconsequentlyall fre-
quentpatternsgeneratedusingthismodeldonothavetheirsup-
port attached.Second,it assumesthatthewholedatasetcanfit
in mainmemorywhich is not alwaysthecase.FP-Growth and
our approachusea very condensedrepresentation,namelyFP-
Tree,which usessignificantly lessmemory[12]. Third, their
top-down computationexploiting the monotoneconstraintof-
ten performsmany uselesstestsfor relatively large datasets,
which raisesdoubtsabouttheperformancegainedby pushing
constraintsin theDualmineralgorithm.In arecentstudyof par-
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allelizing Dualminer[16], the authorsshowed that by mining
relatively small sparsedatasetsconsistingof 10K transactions
and100K items,the sequentialversionof Dualminertook an
excessive amountof time. Unfortunately, the original authors
of Dualminerdid not show any singleexperimentto depictthe
executiontimeof theiralgorithmbut only thereductionin pred-
icateexecutions[7]. A recentstrategy dealingwith monotone
andanti-monotoneconstraintssuggestsreducingthe transac-
tional databaseinput via pre-processingby successively elimi-
natingtransactionsthatviolate theconstraintsandthenapply-
ingany frequentitemsetminingalgorithmonthereducedtrans-
actionset[4, 6]. Themaindrawbackof this approachis thatit
is highly I/O bounddueto the iterative processneededin re-
writing thereduceddatasetto disk. This algorithmis alsosen-
sitive to theresultsof theinitial monotoneconstraintchecking
which is appliedto full transactions.In otherwords,if a whole
transactionsatisfiesthe monotoneconstraint,thenno pruning
is appliedandconsequentlyno gainsareachievedevenif parts
of this transactiondonotsatisfythesamemonotoneconstraint.
To overcomesomeof the issuesin [4], thesameapproachhas
beentestedagainstthe FP-Growth approachin [5] with new
effectivepruningheuristics.

7 Conclusion

Sincetheintroductionof associationrulesa decadeagoand
thelaunchof theresearchin efficient frequentitemsetmining,
thedevelopmentof effectiveapproachesfor mininglargetrans-
actionaldatabaseshasbeenthefocusof many researchstudies.
Furthermore,it is widely recognizedthat mining for frequent
itemsor associationrules,regardlessof its efficiency, usually
yieldsanoverwhelming,crushingnumberof patterns.This is
oneof thereasonsit is arguedthattheintegrationof datamining
anddatabasemanagementtechnologiesis required[9]. These
large setsof discoveredpatternscould be queried. Express-
ing constraintsusinga query languagecould indeedhelp sift
throughthelargepatternsetto identify theusefulones.

We arguethatpushingtheconsiderationof theseconstraints
at theminingprocessbeforediscoveringthepatternsis aneffi-
cientandeffectiveway to solve theproblem.Thisdoesnot ex-
cludetheintegrationof datamining anddatabasesystems,but
suggeststhe needfor datamining querylanguagesintricately
integratedwith thedataminingprocess.

In this paperwe addressthe issueof early consideration
of monotoneandanti-monotoneconstraintsin thecaseof fre-
quentitemsetmining. We proposea leaptraversalapproach,
BifoldLeap, that traversesthe searchspaceby jumping from
relevant node to relevant node and simultaneouslychecking
for constraintviolations.Theapproachwe proposeusesexist-
ing datastructures,FP-treeandCOFI-tree,but introducesnew
pruningtechniquesto reducethesearchcosts.We conducteda
batteryof experimentsto evaluateour constraint-basedsearch
andreporta fractionof themhereinfor lack of space.Theex-
perimentsshow theadvantagesof pushingbothmonotoneand
anti-monotoneconstraintsas early as possiblein the mining
processdespitethe overheadof constraintchecking. We also
comparedour algorithmto Dualminer, a state-of-the-artalgo-

rithm in constraint-basedfrequentitemsetmining,andshowed
how ouralgorithmoutperformsit andcanfindall frequentitem-
sets,theclosedandthemaximalpatternsthatsatisfyconstraints
alongwith their exactsupports.
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